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PREFACE. 



The new regulation with respect to the mathe- 
matical subjects required in the ordinary Examination 
for Degrees, appears to demand a work of a nature 
somewhat different from those which have hitherto been 
in use at this University. To supply this deficiency is 
the object of the present publication. The proofs of 
the propositions will be found to differ but httle from 
those given in other works upon the subject ; in one or 
two instances theauthorhas departed from the arrange- 
ment in the Si^^W'^"^'^'* tt.i^lj^ared to him that by 
so doing the con5^:$i9a;.^et5v£"en the different proposi- 
tions would be rendficei iabr^'jclear. In the proofs of 
the proposition8,'ftrf^6tf*'iit3*-iii*.tne explanations of the 
experiments described in the notes, he has aimed at per- 
spicuity rather than brevity, being fully convinced that 
the reader who thoroughly understands the principle of 
a demonstration, will have little difficulty in condensing 
it for liimself ; although a demonstration, however brief, 
will seldom be written out correctly if it be not clearly 
understood. 

In a treatise like the present, an extended view of 
le subject would be impracticafaie ; all that has beai 



IV 



attempted in the following pages is to render the 
reader able to explain for himself the simpler physical 
phenomena connected with the subject, which are of 
frequent occiu*rence in everyday life; and to under- 
stand the common forms of those instruments, which 
are absolutely necessary in the daily occupations of 
mankind. 
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SCHEDULE 

PROPOSITIONS IN MECHANICS AND HYDROSTATICS, 

ITIIICII IRli BEtlDIREIl OF 

QUE8TI0NISTS, NOT CANDIDATES FOR HONORS. 



MECHANICS. 

a of Force, VV'eighl, Quantiiy of Mat 



Delinilicn 



f Ihe Lever. 



Prop. 1. A horizontal priam or cylinder of uniform density will produce 
ihv lame effect by Its welglil UB if it were collecleil at ita iiiiddli! poltit. 

Prop. 2. If two weights acting pcrpendiculitTly od a straight lever on oppo- 
site udea of iha fulcnini JipJ^o;, eyh^ o^er, they are inversely as iJieir distaniKs 
ftom the fulcmm; a^tt Vfia pfesluA odthe fulf^iq.is equal to iheii sum. 

Prop. 3. If two foMrK'actliig perpcndietdlarty^b a straight level in opposite 
direetions and on the nunc isida'ofi: the: (dlaiuni balimce each other, they are 
inyerscly as their distance* frow ttje" IJilp^^ : ""* ^^ pressure on the fulcrum is 
equal to the difference 0^ the fa^*< .-. -".- - 

Prop. 4. To explajg^ths 'ililf^ntjEiild^ Dflevern. 

Prop. 5. If two forces acting perpendicularly at the extremities of the arms 
of any lever balance each other, they are inversely as the arms. 

Prop. 6. If IWD forces acting at any angles on the arms of any lever balance 
each other, they arc inversely as the perpendiculars drawn from the fulcruiu lo the 
directions in which the focccs act. 

Prop. 7. It^ two weights balance each other on a straight lever when it ia 
horiiontal, they will balance each other in every position of the lever. 



Definition of Component and ReHuliant Forces. 

Prop. S. If the adjacent sides of a paraltelograni represent the component 
Torces in direction and magnitude, the diBgonsl will repTelenl the resultant force 
in direction and magnitude. 

Prop. !l. If thrci' fi 
angle, an 
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MECHANICAL POWERS. 

Definition of Wheel and Axle. 

Prop. 10. There is an equilibrium upon the wheel and axle when the power 
is to the weight as the radius of the axle to the radius of the wheel. 

Definition of Pulley. 

Prop. 11. In the single moveable pulley where the strings are parallel, there 
is an equilibrium when the power is to the weight as 1 to 2. 

Prop. 12. In a system in which the same string passes round any number of 
pullies and the parts of it between the pullies are parallel, there is an equilibrium 
when Power (/*) : Weight (W) :: 1 : the number of strings at the lower block. 

Prop. 13. In a system in which each pulley hangs by a separate string and 
the strings are parallel, there is an equilibrium when P : W i:l : that power of 
2 whose index is the number of moveable pullies. 

Prop. 14. The weight (IV) being on an inclined plane and the force (P) 
acting parallel to the plane, there is an equilibrium when P : FT :: the height of 
the plane : its length. 

Definition of Velocity. 

Prop. 15. Assuming that the arcs which subtend equal angles at the centers 
of two circles are as the radii of the circles, to shew that if P and JPF balance each 
other on the wheel and axle, and the whole be put in motion, P : fV :: Ws 
velocity : /"s velocity. 

Prop. 16. To shew that if P and W balance each other in the machines de- 
scribed 
P'. W 



p. ID. xo snew inai ir i- ana ir oaiance eacn otner m tne macnmes ac- 
in Propositions Il,M2$*t3*af)4<;}i, *(|n£ i|ie^i(r$«S be put in motion, 
:: W's velocity in jh^ /liteo(i«n 2)f giTavify i *J^ i^elocity. 
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Definition of Center of Gravity.** 

Prop. 17* If a body balance itself on a line in all positions, the center of 
gravity is in that line. 

Prop. 18. To find the center of gravity of two heavy points ; and to shew 
that the pressure at the center of gravity is equal to the sum of the weights in aU 
positions. 

Prop. 19. To find the center of gravity of any number of heavy points; and 
to shew that the pressure at the center of gravity is equal to the sum of the 
weights in all positions. 

Prop. 20. To find the center of gravity of a straight line. 

Prop. 21. To find the center of gravity of a triangle. 

Prop. 22. When a body is placed on a horizontal plane, it will stand or fall, 
according as the vertical line, drawn from its center of gravity, falls within or 
without its base. 

Prop. 23. When a body is suspended from a point, it will rest with its cen- 
ter of gravity in the vertical line passing through the point oi suspension. 
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HYDROSTATICS. 



Definitions of Fluid ; of elastic 



Prop. 1. Fluids press equally In all diiection». 

Prop. 2. The pressure upon any patliile of b fluid nf uniform lienaity is 

praponioual to its depth IkIow the surface of the fluid- 
Prop. 3. The auUace of every fluid at rest is horlioolal. 
Prop. i. If a vessel, the bottom of which is horizontal and the sides vertical, 

be filled with fluid, the pressure upon the bottom will he equal to the weight of 

the fluid. 

Prop. 5. To explain the kydroilatk paradvx. 

Prop. e. If a body floats on a fluid, it displaces as much of the fluid u is 

equal in weight to the weight of the body ; and it presses downwards and is 

pressed upwards with a force equal to ihe weight of the fluid displaced. 



Definition of Specific Gravity. 

Prop. 7- If M be the magnitude of a body, S its specific gravity, and W iU 
weight, Jf- MS. 

Prop. 8. When a body of uuiform density floats on a fluid, the part hn- 
mersed : the whole body :: the specific gravity of the body ; the specific gravity 
of the fluid. 

Prop. 0. When a iHidy is immecsed in a fluid, the weight lost ; wHolc 
wdght of the hody :: the specific gravity of the fluid : the specific gravity of 
the body. 

Prop. 10. To describe the hydroilalic balance, and to shew how to find the 
specific gravity of a body by means of it, 1st, when its specific gravity is greater 
than that of the fluid in which it is weighed ; 2ndly, when it is less, 

Pnip.ll. To describe the commmi fljiiToincfcr and to shew how to compare 
the spedfifl gravities of two fluids by means of it. 



Prop. 12. Air has weight. 

Prop. 13. The elastic forci 

Prop. 14. The elastic forci 

Prop. 15. To describe thi 
opeiatioD. 

Prop. 16. To describe the construction of the condeii 



a given tfimpetadire varies as the density. 

increased by an increase of (empetature. 

of the common air.pumu and its 
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Prop. 17* To explain the construction of the common barometer, and to 
shew that the mercury is sustained in it by the pressure of the air on the surface 
of the mercury in the basin. 

Prop. 18. The pressure of the atmosphere is accurately measured by the 
weight of the column of mercury in the barometer. 

Prop. 19. To describe the construction of the common pump and its operation. 

Prop. 20. To describe the construction of the forcing-pump and its operation. 

Prop. 21. To explain the action of the siphon. 

Prop. 22. To shew how to graduate a common ifiermometer. 

Prop. 23. Having given the number of degrees on Fdhrenheifg thermometer, 
to find the corresponding number on the Centigrade thermometer. 



By a Grace of the Senate, passed in 1837, it was decided, 
(Clause 9) "That the papers in the Mathematical Subjects shall 
consist of Propositions in Mechanics and Hydrostatics, according to 
the annexed Schedule," (to which a subsequent Grace, passed in 
March, 1846, has added the following clause) "and also, of such 
Questions and Applications as arise directly out of the afore-men- 
tioned Propositions." 
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MECHANICS. 



CHAPTER I. 

DEFINITIONS AND PRINCIPLES. 



SKCTION I. 

I. Mechanics is the science which treats of the 
laws of the rest and motion of bodies. 

That branch of the science, which treats of the 
laws of the rest of bodies, is called Statics. 

That branch of the science, which treats of the 
laws of the motion of bodies, is called Dynamics. 

(In the following pages we shall treat only of the 
^Elements of Statics.) 

II. Whatever produces, or tends to produce any 
alteration whatever in the slate of rest or motion of a 
body, is called a force. 

in. All bodies if left to themselves would fall 
to the earth's surface, and this tendency which bodies 
,liaTe to fall to the earth, is called gravity. 

IV. The unknown cause by which this tendency 
is produced, is called gravitation. 

V. The precise amount of pressure, which any 
body at rest exerts in the direction of the earth, is 
called the weight of that body. 
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'* ^ >' 'J'', '^'c /#f Hiff'-f-f'Tit bodies are propor- 
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For, in proportion as one body is denser than 

another, in the same proportion it must contain more 

^ heavy matter in the same volume than the other, and 

therefore, in the same proportion, a volume of the ouv 

will weigh more than an equal volume of the other. 

XI. The specific gravity of any particuhir hotly, 
is the weight of a unit of volume of that body« 

XII. Let S be the specific gravity of a body, 
D its density, TV its weight, Q its mass, i.e. tlu* 
quantity of matter contained in it, M its vohiinc or 
magnitude, i.e. the number of cubic iiichcrt contained 
m It. 

Q = number of cubic inches in the body x the (|uantity 

of matter in one ridn'c inrli, 



Jf.D; 



W = number of cubic inches in the body y i\\v. weiglil 

of one cid)ic' inch, 



M.S. 



XIII. If the matter in any body hi* coiniireHmd 
so that M becomes M\ and X), D\ 

Then if the quantity of matter remain the h/iine, 

MD = Q, and AfD' - «; /. Ml) - Ml)' ; 

and M : M' :: 1/ : />. 

or, the magnitude varies invert»eiy tih the fh'MhJIy 



SECTION II. 



ON FORCES. 




I. Statical forces are sometimes called pi 
ind llicir magnitude is measured by the numi 

of pounds, which they would support, if made to 
directly opposite to the force of gravity. 

II. The point at which a force acts upon a body 

is called the point of application of that force. 

III. The line in which a force produces, or tends 
to produce motion, is called the line of the force's action. 

IV. Not only this line, but also every line that 
is parallel to this line, is said to be in the direction 
of the force's action, or {more briefly) in the direction 

V. In order to investigate the effects produced 
by a force, we must k 

1. The point of application of the foii 

2. Its direction. 

3. Its magnitude. 

c forces be applied to a body, ( 
no motion is produced, the body is said to be in equi 
librio, and the forces are said to counteract each oth^ 

VII. The effect produced by any force may 1 
made to take place in any direction, 
by applying the force to a string, 
which passes over a fixed point or 
circular pulley ; and it is found by 
experiment, that this effect is the 
same, whatever be the direction of the , 
strings, provided we make allowance 



for the weight of the strings, ami the friction of the 
pulley, 

VIII. We find also by expcrioient, that, if u 
force act by means of a string, and we make allowance 
for the weight of the string, the effect produced will 
ibe the same at whatever point of the string the force- 
applied, provided the direction in which the force 

be not changed. 

Hence, the effect produced by any force is the 
ame, at whatever point in its line of action it be 
ipplied. 

IX. If a. string be fastened at one end, and 
putted by a force applied at the other, the resistance 
to motion made by the string at any point is called 
the tension of the string at that point. If the weight 
of the string be neglected, the tension of the string 
Will be the same at every point, namely, the force with 

hich the string is pulled. 

X. Forces may properly be represented by right 



1. Since lines may be drawn from any point, 
lines may be drawn so as to represent the points of 
application of forces. 

2. Since lines may be drawn in any direction. 
Hues may be drawn so as to represent the directions 
of forces. 

3- Since lines may be drawn of any length, lineii 
■naiy be drawn so as to bear to each other the same 
ratioe that the forces do, and may therefore be drawn 
■o 8s to represent the magaitudeit of the force*. 



Therefore lines may be drawn so as to represent 
forces in their points of application, directions, and 
magnitudes. 

XI. A force acting along the line AB^ from A 
to jB, has not the same effect as an ^ ^ ^ ^ 

equal force acting along the line " 

AB from B to A. On the contrary, two such forces 
would have exactly opposite effects, and may be dis- 
tinguished by calling the first force ABj and the 
second BA, 



CHAPTER II. 

THE LEVER. 



1. A PLANE, or plane superficies, is that surfat-c, 
in which, if any two points be tal<en, the straight line 
which joina them lies wholly within the superficies. 

A solid is that which hath length, breadth, and 
thickness. 

Planes are said to be parallel, when they do not 
meet, however far they may be produced. 

A straight line is said to be perpendicular, or at 
right angles to a plane, when it makes right angles 
with every right line in that plane, which meets it. 

2. A prism is a solid bounded by plane rectilinear 
figures, of which two are si- 
milar, equal, and parallel, and 
are called the ends of the 
prism; the other figures are 
all rectangles, and are called the sides of the prisr 

A cylinder is the figure described by the revolution 
of a rectangle round one of its 
sides, which remains 
fixed side is called I 
the cylinder. 



id one of its ^i->- — 

i fixed. The ( U- 

the axis of V^ 



3. A lever is a rigid and infiexible rod moveable 
about one point in it. ThisjKiint is called the fulcrum. 

In the following propositions the lever is con- 
sidered to be without weight, and to be moveable only 
in one plai 



Tlic portions of the levtr into which 
1 divides it are called the arms uf the level 



1. Equal forces acting perpendicularly at the J 
tremities of equal arms of a lever, exert equal effcfl 
to turn the lever round. 

Hence, if they tend to turn the lever round 1 
(lilferent directions, they balance each other. 

2. If any two forces acting perpendicularly un 
a horizontal straight lever, on opposite sides of a f 
criim, balance each other, the pressure on the fulcrf 
will be equal to the sum of the forces, and will acq 
the same direction as the forces. 

3. If a single force, or two equal forces in the 
same direction, act perpendicularly on a straight lever, 
and be similarly situated with respect to two fulcrums 
on which the lever is supported, the pressure will he 

the same on either fulcrum. 

4. And the pressure on the two fulcrums will be 
together equal to the whole force supported. 

Puop. I. 

J horixontal prism or cylinder of uniform density 
will produce the same effect by its weight as if if. toeti 
collected at its middle point. 

To prove this proposition we must first prove the- 
following Lemma. 
il If any two equal li 
\ weights, P and Q 



perp«.dicuUr- weignts, ^ anu %i 
ijonahori- get perpendicularly 

tOEtal iirsiKht / '^ ■ , „ 

level, produce at the points A, B, 



"ki: 



on ihe atraight horizontal lever AF, moveable round ihesunee^s 
the fulcrum F, they shall produce the same effect as if anhein — 
^ey were applied at C, the middle point between A ^°""' 
and B. 

Produce BA to £, making AE = BF, and let a 
fulcrum be placed at E. 

Then since P and Q are equal, and similarly 
situated with respect to E and F, 

Pressure on fulcrum E = pressure on fulcrum F 
= -^ whole weight supported 
= ^(P+Q). (by As. 3 and 4.) 

Again, if P and Q were removed and a weight 
P-^Q were placed at C, 

Pressure on fulcrum £ = pressure on fulcrum F 
= ^ the weight supported 
= ^(P+«). (by Ax. 3 and 4.) 

Therefore the pressure on E is the same in both 
cases, and the lever will be kept at rest in both cases, 
hy the same force applied at E ; that is, P and Q 
produce the same effect when they act at A and B 
that they do when they are collected at C. 

Now we may suppose the cylinder to be divided The cylinder 
into a number of small equal cylinders, by a number ^ieA (o"bp 
of equidistant planes parallel to the ends of the cylinder, j^^^t "P f 'j^ 
These cylinders will consist of a number of pairs of pai"- 
equal weights, equidistant from the centre. 

By the Lemma, every such pair produces the same Therefore ihe 
effect as if it were collected at the centre. duces thJ^gaii 

effecluifll 

Therefore the whole cylinder, being made up of a were ™ilecied 

number of such pairs, will produce the same effect as 

i( were collected at the centre. 



Con. Hence such a cylinder would balance 
fulcrum placed at its midtlle point, and the pressure 
on the fulcrum would be the weight of the cylinder, 

Pkop. II. 

If two weights acting perpendicularly on a straight 
leveVt on opposite sides of the fulcrum, balance each 
other, they are inversely as their distances from the 
fulcrum, and Ike pressure on the fulcrum is equal to 
their sum. 

Let the weights P, Q acting perpendicularly at M 
and N on the straight lever MN on opposite sides of 
the fulcrum C, balance each other. 

coMt. ThenF-.Q-.-.CN-.CM.jL- 

take Q' «uth -^ 

p-ff-CNCM Take a weight Q' such 
■"f Vb=cm ^'^^^ P- Q' ■■■ CN: CM; 



1 ■ ^ ,1 



a"a 



} MA =f.'JV 
( ME=CN 



P CJWBndJVare 

I the mEddle 

points of 

AB, AE, EB. 



ponendo P : P + Q' :: CN : CN + CM, or MN, 
produce iWJV" both ways, and make NB = CM, MA 
and ME each ■=CN; and let us suppose that there 
exists a cylinder, whose axis is AB, and whose density 
is uniform, and is such that its weight = P + Q', 

CA = JM+MC = CN + NB = CB; .: C is the middle 
point of AB. 

AM = MEi .-. Mis the middle 

point of AE. 

EN = EC-\^CN=EC+ME = CM = NB-, .: A^ is the 
middle point of ES; 

also MN^ = CM + CN = CM + MA = CA = ^ . AB. 

Because C is the middle point of AB, the cylinder 
AB would balance round C; but the cylinder AB pro- 
is its parts, AE, EB ; and Ar 



lid balance ro' 
duces the same effect 



AE, 



EB produce the sacne efTect as if tbej were collected 

at their middle points Jf and N. 

Therefore AE coUecled at J/^ will balance EB col- M£ «^«ied 

lected at X. i taitaaa 

weight of Ji: JE . L J . . ., I wJir. 

- — ■ = , since the density is uniform 

weight of Jfi AB ■' 

2ME CS P 

^ 2 Jf.V ~ Jtf A- ~ P + Q" 

but weight o{JB=P + Qi .: -eight of JE = P. "^A'tfi: 

vei^hl of 
Hence weight of EB = tf. ^" = «■ 

Therefore P at Jtf and tfat .V will balance round C. Tberefiwe p 

mi Q'baluM 

But P a.t M balances Q at A', therefore Q and Q' QpiodiiMsifa* 

produce the same effect and must therefore be equaL (/ . ibtreOm 

Now P : Q :. C\ : CM. 



And the pressure on the fulcrum = the wdght of the 
cylinder, (by Prop, i.) 

= ^+0", i.e.=P+Q. 

Q.E,D. 

Cor, If two forces P, Q acting perpendicularly at 
Mf A', tm the straight lever JfA% oo opposite sides of 
tbe fulcrum C, are such that P : Q :-. C\ : CM. 

Then P and Q will balance each other when placed 
at AT. 

For we hare shewn in the proof of the last pro- 
position, that if P : tf :: CI^ : CM, P and Qf balance 
round C. 

Com. 2. Since P : Q .: CX : CM, bv propor- 
o. PxCM=(ixC\. 




This formula will be found easier to recol 
more convenient for working examples, than the 
portion from which it is deduced. 



If two forces acting perpendicularly on a airm 
lever in opposite directions, and on the same side 
the fulcrum balance each other, 

(l) The forces are inversely as their distm 
from the fulcrum, and (9) the pressure on thefula 
is equal to their difference. 

Let the two forces, Pand Q, acting perpendiculai 
at M, N, on the straight lever CM, in opposite 
rections, and on the same side of the fulcrum 
balance each other. 



CanatructiDti, 

CM' = CJV, 
F and P" 
each = P. 



(0 p- 

the fulcrum 



Q. ;: CN : CM, and (2) the pressure 
= Q- P. 



In MC produced take CM' = MC, and let a foi 
P" equal to Pact at M' in the same direction as 

Then, since P and P are equal forces acting 
pendicularly on the lever 
at the end of equal arms 
CM, CM', and tending to 
turn the lever round in the 
same direction, by ax, i, 
they produce the same ef- 
/"baiancesQ; fect, but P balances Q by 
j^.[ca':C3f'i hypothesis, therefore I" '^" 

Therefore, by the last proposition, P':Q::CN:Cj 
but P- = P and CM = CM', therefore 



P : Q :: CW : CM. ft.E.D. 
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Again, let a force P", etjual to P, act perpen- 
Cularly on the lever at M, in a direction opposite to 
f P; P and P" counteract each other and pro- 
ice no effect on the lever. 
Therefore pressure on the fulcrum produced hy P^ f^. f'^ 
four forces P, P',P'\ Q, = pressure produced by prcsaure 
and Q alone J" + Qi 

= P + e, by axiom 2, = P + Q, 
d pressure produced by P and P" = P' 
axiom 2, 



- P" by /•' and /■* 



Cob. 1. Hence, as in the previous proposition, 

P^CM = Q.CN. 
It is obvious also that the pressure on the fulcrum 
U in the direction of the larger force Q. 

Cor. 3. If P : Q :: CJV : CM, where P and Q 
t on the same side of the fulcrum, P and Q will 
lance each other. 

For let Q' be such a force that it will balance P if 
(Q^) acts perpendicularly at A''. 

Then P : Q' .: CN : CM. 

Therefore Q' = Q. 

But Q' balances P ; therefore Q will balance P. 

In the same manner we may prove the converse of 
e other propositions in this chapter. 

Prop. IV. 
To ewplain the different kinds of levers. 
Quietly speaking there are only two kinds of levers. 



(1) Levers, in which the weight and power 
on different sides of the fulcrum. 

(2) Levers, in which the weight and power 
on the same side of the fulcrum. 

In both kinds of levers force is gained if the t 
at which the power acts is greater than the arm 
which the weight acts, and force is lost if it be less. 

A pokc-r is an example of a lever of the first ki 
the bar of the fender being the fulcrum, the fo 
exerted by the hand being the power, and the n 
ance of the coals raised, the weight. If the hand 
further from the bar than the coals, force is gained 
it be nearer, force is lost. 

Scissors, pincers, and snuffers, are double levers 
the first kind. 

An oar is an instance of a lever of the second kii 
where force is gained: the point, where the oar touc 
the water is the fulcrum, the force exerted by the ro» 
is the power, and the resistance of the water, which 
overcome at the rowlock, is the weight. 

A pair of nutcrackers is a double lever of t 
second kind, where force is gained. 

A pair of tongs is a double lever of the sera 
kind, where force is lost. The force exerted by 
hand is the power, the resistance which the coals rai 
to the pressure is the weight, and the rivet is 
fulcrum. 

A knife grinder's wheel, and many of the muscl 
of the human frame are instances of single levers 
the second kind by which force is lost. 





r* /brret acting perpendiculaihj tit the v,v~ 
of Ike arms of any lever, bafavce erii-h otfir-r, 
tkejf are inremely as the arms. 

Let the forces P, Q, act- 
iDg pefpeodicularly at M, 
JV, tbe extremities of the 
CM, CA^ balance round 
the rulcrum C. 

Then P-.Qi.CN: CM. 

Through C draw JUfCN' horizontal, 

make CM' = CM, CN' = CN, 

at JT and N" let two forces P", Q' act perpcin 
to the lever such that P' = P, and 0' = Q. 

Since P, P are equal forces acting purponilifLihirly 
at the extremities of equal arms CM, CM'; hy axiom l, 
they exert equal efforts to turn the lever round. 

And they tend to turn the lever round in tliC h 
direction, but P balances Q' by hypothesiH, therefore P 
will balance Q. 

Similarly, since Q' = Q and CN' = CN, by axiom 
1, Q' and Q exert: equal efforts, but Q is balanced by P'. 

Therefore Q' is balanced by P'. 

And since P and Q acting perpendicularly on the 'J''""?'"''"'''""' 
Btraigbt lever MCN" balance, by Prop. ii. P'-.q'-.-.ds-'.CM'f 

P' ■ Q' :: CN' : CM'. /-rvTcTi/jC 



Therefor 



alsc 



CN : CM. 



' N. B. In the following propoiition the armi of llie lever are aup- 
pOHd lo be ^Iraighl, but the lever iUelf is suppoied to be bent, that la, the 
IB arc not la the tame BUaight line. 



Prop. VI. 

If two foreea, acting at any angles on the an 
of any lever, balance each other, they are inveraelg 
the perpendiculars drawn from ike fulcrum to 
lines of action of the forces. 

Let the forces P, Q, acting at any angles on H 
arms CJ, CB of the lever 
ACB, balance round the 
fulcrum C. ^ 

Then, if CM, CN be Pi 
drawn perpendicular to AP, BQ, the lines of acti 
of P and Q, 

P : Q :: CN : CM. 

Since a force produces the same effect at whatev 
point in its line of action it be apphed, (Chap. I. 
2 — 8) we may suppose the force P to be applied 
M, by means of a rod without weight {CAM), fasti 
ed to CA. 

Similarly, we may suppose Q to be applied at 
by means of a rod without weight (CNB), fastened 
CB. 

Then P and Q acting perpendicularly on 1 
straight arms CM, CN, balance ; therefore, by Prop. 
P : Q :• CN : CM. a.E.D. 

It is clear that in this case the arms AC, CB nt 
not be straight lines. 

Cor. Hence P . CM = Q . CN. 

Pitop. VII. 

tf two weights balance each other on a strain 
lever when it is horizontal, they will balance ea 
other in every position of the lever. 
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Let the twu weights P, Q balance 

Gtraif^ht horizontal lever 
VB; they will also balaiici; 
lcIi other when the lever ts 
jrned round into any oilier Ar 
>8itioD, A'CB". 



F^ 



Let A'P', B'Q\ the 
ertical lines in which the 
eights act, (produced, if 
icessary,) cut AB in M, iV. 

Then because in triangles A'MC, B'NC, 

wtical I A'CM= vertical z NCB", (r. 15) 

nd right z A'MC= right z CA^B', (Euc. Ax.) 

nd alternate I CA'M = alternate Z CB'N (i. 27) 

erefore the two triangles are equiangular ; 

therefore CN : CB 

emando, CN : CM 

:: CB : CA 

:: P : Q, 

nee P balances Q, when AB is horizontal. 



Therefore P and Q are inversely as the perpen- 
feulars let fall from C on their lines of action. 

Therefore P balances Q when the lever is in the Therefore/'. 
itlon A CB. the poBition 

J'cb: 



CM : CA' (Euc. VI. 4): CN.CSf-.-.CB'iCA 
-.-.P.Q. 

CH : CA' 




Hence we might proi 
■ straight lever in any oi 
iQce in all positions. 



: that if P, Q balance 
3 position, they will 
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For, let them balance in the position ACS^ and 
let A'CS' be any other 
position. 

Let the lever be 
turned round to the ho- 
rizontal position AB\ A 
we might prove as be- 
fore^ that 

CB\ CA:: CN: CM:: P:Q. 

Therefore (by Prop. 
2) P and Q will balance 
when the lever is turned 
into the horizontal po- 
sition ACB. 

Therefore by Prop. 7, they will balance when it is 
turned into any other position A'CBl', 




CHAPTER lU. 

THE COMPOStTION OF FOHCES. 



If two forces act upon a body at the same instant, 
and at the same point, we find by experiment, that the 
body will not move in the direction of either of then], 
but will move as if it were acted upon by a single 
force, whose direction is intermediate between the 
directions of the two forces. 

This third imaginary force, which would of itself 
produce the same effect on the body as the two forces 
together, is called the resultant of these two forces, 
and the two forces are called the components of this 
force. 

The force represented by the straight line AB in 
magnitude and direction is called, 
for the sake of brevity, the force 
AB. 

The reader will therefore bear in mind that, when 
he meets with such expressions as the forces BC, AB, 
nothing more is meant than that the forces are re- 
presented in direction and magnitude by the straight 
lines AB, BC. 

Pkop. VIII. 

If the adjacent sides of a parallelogram represent 
the component farces in direction and magnitude, the 
diagonal will represent the resultant force (l) in 
(firec/ion, (2) in magnitude. 



C^Fiiarigbt of AE, AB ; therefore AC must lie in the opp( 
""*■ direction to AF i that is, CAF must be a right li 

FDisspual- Hence AF is parallel to DB, hut FB ia pan 
^^^FB^AE *° ^-^ (construction) ; therefore FD is a parall 
HmcejiDre'- gram, and AD = FB (i. 34.) = AE, because £jB 
prenenw the ,, ■ . -ip in 

ro(uliant in parallelogram by construction ; tnereiore AU repres 
miignimde. ^^^^ resultant of AC, AB in magnitude. 

Prop. IX. 

If three forces represented in magnitude 
direction by_ the three sides of a triangle {taken 
order) act upon a point, they will keep it at rest. 

Let forces represented b 

by the three sides AB, BC, 
CA, of the triangle ABC, 
act on the point A, they ^' 
will keep it at rest. 

Complete the parallelogram BD. 

AD = BC (i. Si) ; .■- AD represents in magniti 
the force represented in magnitude by BC; and j 
is parallel to BC, therefore AD represents this ft 
in direction also. 



' nomnl 



AD repreaenls 
in mi^ilude 
oDd direciioa 
the force repre. 
acDted by BC. 

CA, AB, AD 



Now, AC represents the resultant of AB, AD, 
but the force represented by CA would counteract the 
force ACi therefore it would counteract the forces 
AB, AD; therefore it would counteract the forces 
AB, BC; therefore the forces AB, BC, CA, would 
keep the point A at rest. 



CHAPTER IV. 

MECHANICAL POWERS. 




The mechanical powers are contrivances, by means 
of which a smaller force (called the power) is able to 
counteract a larger force (called the weight). 

The mechanical powers ' 
required to investigate are 

1. The lever, (for which s 

2. The wheel and axle. 

3. The pulley. 
i. The inclined plane. 



DEaCRIPTION 

The wheel and axle consists 
of a cylinder A, called the wheel, 
terminating in a cylinder of 
smaller base B, which is called 
the axle. 

The two cylinders hai 
supported in a horizontal position. 

The power P is a heavy body > 
by a string coiled round the wheel. 

The weight W is another heavy body which hangs 
freely by a string coiled round the axle. 

The power and weight tend to turn the machine 
round in different directions. 





Piiop. X. 

There is etjuiUbrium on the 
wheel and awle, when the power is 
to the weight as the radius of the 
axle is to the radius of the wheel. 

Wemaynup- The effort of tile power to turn 

wwilnlhe the machine round, must be the same 
olwiV"""' ^^ whatever point in the axle the ** 

wheel is fixed, we may therefore suppose it to be placed 
so that the power and weight may act in the same 
plane, viz. in that plane in which the ends of the wheel 
and axle both lie. Since the cylinders have a common 
axiB, their circular ends will have a common centre; 
let O be the centre, join with M, JV the points where 
the strings leave, and therefore touch, the circle, then 
OM, ON will be perpendicular to MP, NW. (in. 17.) 

Since the axis is at rest, will be a fixed poini, 
and may be considered as a fulcrum, and we may 
therefore consider the machine to be a lever moveable 
round the fulcrum O. 

Therefore there will be equilibrium if 

P : W :: ON : OM. (Prop, v.) 

:: radius of axle : radius of wheel. 

Cor. 1. Since MP, NQ are both vertical, MO, 
ON will be in one and the same horizontal line. 
Therefore when P and Q act on opposite sides of the 
axis, the pressure on the fulcrum is equal to P + Q by 
Prop, n. ; if they act on the same aide of the axis the 
pressure on the fulcrum is equal to Q — P by Prop. iiL 

Cob. S. If there is equilibrium on the wheel and 



O I* the com- 
mon centre of 
the circles. 
The angles at 
M and JV are 
right mglen. 



equlUbcium if 







such that P : W" :: radius of axle ; radius 



P, but W balances P, 



Then W will balance 
7'= W, 

id P : W :: radius of asle : radius of wheel. 

[n the same manner the converse of each of the 
following propositions may be proved. 



Be pul 



THE PULLEY. 



pulley consists of a grooved 
liar wheel {A) moveable round an axis 
passing through the centre of the 
1. 



The ends of the axis are fixed in a 

e (C) called the block. The pulley 

id to be fixed or moveable according as the block 

;ed or moveable. 

in the moveable pulley the weight is attached to 
jlock, and the power acts by means of a string 
ng round the wheel A, and fixed at one end. 

^o force is gained by the use of a fixed pulley, 
toly efiect that it produces is to change the direc- 
^ the motion. 



m^ si 



1 single moveable pulley, where the atringa 
mrallel, there ia an equilibrium when the power 
the weight as l to 2. 

Let the annexed figure represent a single raove- 
ijley where the strings AP, BQ, are parallel. 



jijjjley where the 

il 
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The tension of tlie string PABQ is the 
same throughout, or else motion would ensue ; 
therefore each of the strings JP, BQ, must 
exert the same force; but the Btring APi& 
pulled by a force P, therefore the string 
BQ also exerts a force equal to P. 

The forces exerted by the two parts of 
the string support the weight, and they act 
in the same direction as the weight, therefore 
exactly sustain it, and W—2P, 

or P : JV :: \ : 2. 



Pnop. XII. 

In a system of pullies in which the a 
passes round any number of puUies, and the pm'i 
it between the puUies are parallel, there ia eguUibi 
when P : W :: 1 : iAe number of strings atM 
lower block. 

Let the annexed figure represent such 
a system of pullies. 

The tension of the string is the same 
throughout, or else motion would ensue. 

Therefore each of the strings at the 
lower block exerts the same force, but 
the force exerted by the string to which 
the power is attached is P, therefore the 
force exerted by each string is P. 

And the sum of these forces supports 
the weight, but the forces all act in the ^ 
same direction as the weight, and the sum 
of the forces must, therefore, be equal to 
the weight. 

Therefore W=Pk the number of 



u 



tritigs at the lower block, or P : fV :: \ : the r 

strings at the lower block. 



Pbop, XIII. 

M a aystp.m of pullies where each pulley hangs 
■by a separate string and the strings are parallel, 
iliere is equilibrium when P ; W :: l : that power 
0^2 whose index is the number of moveable pullies. 



Let the annexed figure represent such 
s systera of pullies, b I, b 

Since .^ is a single moveable pulley, 
the weight supported by J = SP; 

.'. tension of string JB = 2 P. 

Since S is a single moveable pulley, 
tlie weight supported by fi = 2 x tension 
ofJi? = 2*P; 

.'. tension of string BC = 2'P, 

■id the weight supported = TF = 2 x tension 




If then 



Therefore when there are three pullies FT = 2' P. 

FT 4. 23/''. ■ 

Similarly, we may shew that if there be n pullies similsrij', if 
,„,_■" •' ^ there are n 

= 3" P. pullies, 

If = 2-P. 



W -.i 1 : S" 



that power of 2 whose index is 
the number of moveable pullies. 




THE INCLINED PLANE. 

A plane inclined to the horizon 
is sometimes used as a mechanical 
power. The plane is supposed to 
he perfectly rigid and immoveable 
so as to be capable of counteracting ^ 
any force which acts upon it in / 
a direction perpendicular to its 
surface. 



Hence if a body is supported on an iDclined pit 
we may suppose it to be acted on by three forces, ' 
its own weight acting vertically, the resistance of 
plane acting in a direction perpendicular to the pit 
and the power, which must always act in the si 
plane as the other two forces. 

In the case which we are required to consider, 
power is supposed to act in a direction parallel to 
plane; that is, in the line AB. 

If in this line any two points J, B be taken, ; 
we draw AC horizontal, and BC vertical, so as 
meet in C, 

AB is called the length of the plane, 

BC its height, 

and AC its base. 

Pjiop. XIV. 

The weight W being on an inclbied plane, t 
the force P acting parallel to the plane, there is eq 
tihrium when P : W :: the height of the plane 
length. 
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Let JB be the length of the 
clined plane ABC, BC its 
sght, AC its base. 

Let the weight W act verti- 
dlj at D, and let the power P 
Bl on W in the line DB which ^ 
parallel to the plane. 

There is equilibrium if P : W :. BC : AB. C 

Prom D draw DE perpendicular to AB meeting 
iC in E. From E draw £/* perpendicular to AC 
Deeting AB in F. 

Then in triangles i>£i^; ABC, 

/. FDE = right z = <; JC5, 1 

exterior z DFE = interior Z ^i?C, (i. 28.) 
>". remaining z FED= remaining z fi^iC (i. 32.) 

id the two triangles are equiangular. 

.-. BC : AB :: DF : FE, (vr. 4.) 

utby hypothesis P : W :: BC : AB. 

.: P : W :. DF : FE. 

Hence DF, FE, represent P and W m magnitude ; 
id P acts in direction DF, and W in direction FE^ 
«refore they represent them in direction also. \ 

Therefore if we complete the parallelogram, DE 
11 represent in direction the resultant of these two 
es. 

But DE is perpendicular to the plane, therefore 1 
resultant will be entirely counteracted by the re- j, 

tance of the plane, and there will, therefore, be 

inlibriuni. 



TrisiiKleii 
DFE. ABC 

Bie equluigu- 



of P and W 

Bcu perpendi- 
cularly (0 the 
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The velocity of a body ia the degree of swiftness 
with which it moves. • 

The motion of a body is swifter or slower according i 
as the space passed over in a given time is greater or I 
less ; hence if two bodies move with uniform velocities, I 
their velocities will be as the spaces which they pass , 
over in the same time. J 

The velocity of a body is, in general, measured by I 
the number of feet which it passes over in a second. I 



Phop. XV. 
Assuming that the arcs which subtend equal 
angles at the centres of two circles are as the radii. 

If P and W balance on the wheel and amle, and 
the whole be put in motion, 

P : W :: W's velocity : P's velocity. 
Let the annexed figure be a re- 
presentation of the wheel and axle with 
P and H'' acting in the same plane. 
The horiioriEai Suppose that there was originally 
f.'^nl'^SwiJ' equilibrium, and that the machine 

has been moved round until the p.r 
diameter MN, which was originally 
horizontal, has come into the position M'JV. 

Then MM', iViV will be the spaces described by 
P and W io the same time. 

Now P : W ;: ON : OM, since there was origi- 
nally equilibrium, 
:: AW : MM', (by the assumed 
Lemma,) 
:: space described by W : space de- 
scribed by P in the same time, 
:: Wi velocity : P's velocity. 



Mxr, Ntr, 

>Te the ipaeei 
dratrihed by 





shew that, if P and W balance each other 
described in Propositions xi, xii, 
XIV, and the whole be put in motion, 

:: W's velocity in the direction of gravity 

; P's velocity (in the direction in which it acts.) 

Case 1. The single moveable pulley. (Vid. figure 
in Prop, XI.) 

If H^be raised one inch, each of the strings QB, 
PA will be shortened one inch, therefore P must be 
moved through two inches to keep the string tight. 

Now, P : W ■.: \ : '2 since there was originally 
equilibrium, 
:: 1 inch : 2 inches, 

:: space described by W io the di- 
rection of gravity : space described 
by P in the same time. 

:: velocity of W .. 



velocity of P. 



system of pulleys in which the 
ound all the pullies. (Vid. figure 



Case 2. Th( 
same string passes 
in Prop. XII.) 



If W be raised one inch, each of the strings at 
the lower block will be shortened one inch. 

Therefore in order to keep the string tight, P must 
move through as many inches as there are strings at 
the lower block. 



I 



If IF be raised 
I Inch, and 
there aie three 



:: wp»ee de- 
icnbedb7 W 
1 space by P. 



Now, P : W -.: \ : the number of stringE 

lower blaq 
(since there was originally equilibrium) 

:: space described by W : spaced 
scribed by P in the 

:: velocity of W : velocity of P. 

Case 3. The system of pullies, where each pullej 
hangs by a separate string. (Vid. figure in Prop, xiu.) 

If W be raised one inch, each of the strings rouniJ 
the pulley C must be shortened one inch. 

Therefore the pulley B must be raised two inches. 

Therefore each of the strings round the pulley B 
must be Bhortened S inches. | 

Therefore the pulley A must be raised 2- inches. 

Therefore each of the strings round the pulley A 
must be shortened S'' inches. 

Therefore P must be moved through 2^ inches io 
order to keep the string tight. " 

Similarly, if there were n pullies we might shew 
that P must be moved through 2" inches to keep the 
string tight. 

^ Now, P : W :: 1 : 2", since there was originally 

equilibrium, 
;: I inch : 2" inches, 

:: space passed through by W: space 
passed tJirough by P in the same 

time. 

;: velocity of W : velocity of P. 



Case 4. The inclined plane. 

Id the three former cases W moves vertically. 





L Hence the space wliich W describes vertically, that is, 

* in the direction of gravity, is the same as the space 

which it actually passes over, and its velocity in the 

direction of gravity will be the same as its actual 

velocity. 

This is not the case in the inclined plane, whet 
W moves at all it must move in the direction of P's 
action, that is, parallel to the plane- 

If P and W balance each other on the inclined 
flane, and the whole be put in motion, 

P : W :: IT's velocity in the direction of gravity 

: P's velocity. 

Let P acting at P, balance 
W acting at W, on the inclined 
plane ABC. 

Let P pass through the 
space Pp. W must be moved ^ 
through an equal space, let this be Ww, 
vertical, w V horizontal, meeting each othi 

The apace through which W actually passes is Space de- 
Wto; therefore the space through i " " """ 

vertical direction, that is, in the direction of gravity, ^l 
h WV. 

In the triangles WVw and ABC 

WVw = right £ = L ACB, 
alternate I ¥w W = alternate L BAG; 
because BA meets the parallels Vw, AC (r. 27.) 
■- remaining i VWw •= remaining / ABC (i. 32.) 5 
5 
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BOABiiVW'.Ww. 
PiWi'MCiAB 

V. VWiWw or Pp, 



:!vel. of Win di- 
rection of gravity 
: vel. of P. 



therefore the triangles are equiangular ; 

.-. BC : AB :: VW i Ww. (vi. 4.) 

Now, P I W V. BC : AB since there was ori- 
ginally equilibrium. 

:: VW : Ww :: VW : Pp. 

:: space described by W in direc- 
tion of gravity : space described 
by p. 

:: velocity of W in direction of 
gravity : velocity of P. q.e.d. 



r 



CHAPTER V. 

THE CENTRE OF GRAVITY. 



Def. The centre of gravity of any body or 
s^Btem of bodies is that point, round which the body 
or system (if acted upon only by the force of gravity) 
"ill balance in all positions. 

Hence, if the centre of gravity be supported, the 
body (if acted upon only by the force of gravity) will 
lemaia at rest ; and if a line which passes through the 
centre of gravity be supported, (i.e. remain fixed) the 
body will also remain at rest. 

In the definition given above, the particles of the 
»JBlem are supposed to be connected together by in- 
flesible rods, without weight ; but the centre of gravity 
may be conceived to exist when the particles are de- 
tacbed from one another. 

It is evident that in order to possess a centre of 
gravity a body must possess weight, hence a geo- 
metrical point, line, or surface, since it can contain do 
"latter, and can therefore have no weight, cannot have 
> Centre of gravity. 

In the following propositions a point is supposed 
to be, not a geometrical point, but an exceedingly 
foall particle of matter ; a line is supposed to bo 
toinposed of a number of these particles, placed con- 
uguous to each other along the line, and equal in size 
■nd weight ; and a surface is supposed to be composed 
'O' a number of euch lines, placed contiguous to each 
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Prop. XVII., forming Peop. XVIII. of the Schedule. 

To find the centre of gravity of two heavy 
points^ and to shew that the pressure at the centre 
of gravity is equal to the sum of the weights in 
all positions. 

Let P, Q be the weights 
of two heavy points A and B. ^ 




D'lYide ASM Let A, B be joined by ^ 
« T* ^ T>^ ^» a rigid inflexible rod without 1^ 

PiP + Q :: BCiAB. . o yP 

weight. 

Divide AB in C, so that P : P + Q :: BC i AB, 
and therefore dividendo P : Q :i BC : AC* 

C shall be the centre of gravity of A and iff, and 
the pressure on C shall be equal to P + Q. 

If AB be If AB were turned round C until it became hori- 

^C^p and^Q zontal, P and Q would act perpendicularly on the lever ; 
balance each ^nd since P \ Qii BC I AC, P and Q would balance 

other in all po- t /. i \ i ^-n 

sitionsofthe each Other round a fulcrum placed at C (Prop, ii.) 

lever : there- 
fore C is the 

centre of gra- And since P and Q balance each other on the lever 

^* ^' when it is horizontal, they will balance each other in 

all positions of the lever (Prop, vii.) ; therefore (by 
the definition) C is their centre of gravity. 

Again, P and Q produce the same efi^ect as if they 
acted at M and JV, and we might shew (as in Prop, vii.) 
And pressure that Pi Q :: CN I CM; therefore (by Prop, ii.) the 
pressure on C is equal to P + Q. 



' Prop. XVIII., forming Prop. XIX. of the Schedule. 

To Jind the centre of gravity of any number 
of heacy points, and to skew thai the pressure on 
the centre of gravity is equal to the sum of the 
weights in all positions. 



Let J, B, C be three heavy 
points, whose weights are P, Q, 
and R. 

Join JB aod divide it in G', 
so that P: P + Q :: B(^ : AB. 




Find C the 

centre of gra- 

VP+Q+R VH. vity of ^ and. 



Therefore, (by Prop, xviii.) G' is the centre of,fsnd£sn 
gravity of ^ and S ; and, m all positions of the system, ^S^'^f^g; 
they are equivalent to a pressure P + Q, acting verti- 
cally at G'. 

Join G'C and divide it in G", so that 

P -i-Q : P + Q + R :: CG" :: G'C. 

Therefore (by Prop, xviii.) G" is the centre of 
gravity of C, and P+ Q acting vertically at G'; hence 
it is also the centre of gravity of C, B, and A. 

Also, by the sanie 
G" = P+Q-i-R. 



Find G" (he 
"ry'ofV^ 



proposition, the pressure on G " is iho ceo. 



of the synlnDi 
and pressure on 
'■" P+Q+S. 



In a similar manner we might find the centre of 
gravity of any number of points, and it is obvious Tha same ec 
that in all such cases the pressure on the centre of be extended 



Colt. Since the above construction is always pos- 
sible, every system of points, (that is, every body) has 
a centre of gravity. 
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eb = eci 
.*. be balances 
on e. 



The triangle 
balances on 
jIE; therefore 
the centre of 
gravity is in 
AE; 



and in CF. 

Therefore G is 
the centre of 
gravity. 



Then Ae : eb :: AE : EB (by equiangular tri- 
angles Aeb, AEB), 

:: AE : EC (since EB = EC), 

:: Ae : ec (by equiangular tri- 
angles Aecj A EC). 

Hence eb = ec, and be will balance on its middle 
point e. 

Similarly, it might be shewn, that any other of 
the lines parallel to BC, would in all positions balance 
round the point in which it cuts AE. 

Hence the whole triangle, being made up of such 
lines, will balance round AE in all positions. 

Therefore its centre of gravity is in AE (Prop. 

XVII,) 

In the same way it may be shewn that the centre 
of gravity of the triangle is in CF also. 

Therefore G, the intersection of CF and iVJS, ii 
the centre of gravity of the triangle. 



Prop. XXII. 

If a body rest on a horizontal plancy it will 
stand or falU according as the vertical line drawn 
from its centre of gravity falls within or without 
the base. 

Let the vertical 
line drawn through 
(?, the centre of 
gravity of the body, 
meet the horizontal plane in H. 

Through H draw any horizontal line ABy meeting 
the boundary of the base in A, B, 
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Tile weight of the liody is equivalent to a single 
force acting in the line GH, and the plane itself exerts 
a pressure vertically upwards, at all points where the 
body is in contact with it. 

1. Let H fall within the base. In this case there If ^ fall with 
will always be some position of AB in which H will""''^''^ 
fall between A and B. 

If fl be a point in the body, the resistance of the Weight of 
plane at H will counteract the weight of the body, and teracirf b'y "ha 
it will remain at rest, reBistance at 

//orBuppotied 

But if not, tlie resistance of the plane at A and fulcruma A 
^frould have the same eifect as two fulcruras placed 
points; and the weight acting at // would be 
irted on the lever AB, which rests on the two 
fulcrums at A and B. Hence the body wilt still re- 
main at rest. 

2. Let H fall without the base. In this case Buiif//f»ii 
there will be no position of AB in which H will fall b^i^^'Jii^''^ 
within A and B. weight of tha 

body turns ^J 

The weight therefore of the body will not be coun- B^'ndtha 
teracted as in the former case, but will tend to turn ^y "'^ ' 
AB upwards round B, which tendency is in nowise 
counteracted by the resistance of the plane. Hence 
the body will turn over at B. 



Pbop. XXIIl. 

WTien a body is suspended from a point round 
lakich it can swing freely, it will rest with its centre 
Iff gravity in the vertical line passing through the 
point of suspension. 



Let the body CG be in any position. 

Lgt C be the point of suspension, G 'r^ 

S,Z£S. the centre of gr.,it,. Draw (7W hoti- -/ 

GJVvmkal, zontal, and GN vertical, meeting in iV. f r ( 

w'^acti ai '^^^^ weight of the body is equivalent / J 

Gonihearm to a single force actine vertically at G. / 

CJV,andwm ^ _ ^ , ■' L-^ 

turn iheboiiy Now C Js a fixed point, and may be B 

taken as a fulcrum, and the weight of 
the body will produce the same effect as if it act 
JV on the arm CN. 

There is nothing to counteract this force, 
therefore motion will ensue. 

But if G be in the vertical line passing throuj 
FanishEs, and i.e. if CG be vertical) CJV vanishes, and the weig 
i'l^P^u'd^* the body, acting in the line CG, is entirely i 
by the resist- teracted by the resistance of the ^xed point C; 

Hence the body will remain at rest. 




HYDROSTATICS. 



CHAPTER I. 



1. The science of Hydrostatics investigates the 
I laws which relate to fluid bodies in a state of rest. 

2. A fluid is a material body, whose particles 
can be moved among one another by any force how- 
ever small, and transmit any pressure impressed upon 
them, to every other particle with which they may be 
in contact. 

3. Fluids may be divided into elastic and non- 
t elactic fluids. 

1. Elastic fluids are those whose dimensions are 
increased or diminished, according as the pressure 
upon them is increased or diminished. 

5. Non-elaatic fluids are those whose dimensions 
I are not altered by altering the pressure upon them. 

Prop. I. 

Fluids press equally in all directions. 

Let any close vessel AA be filled with fluid, and 
I let any number of equal portions of its 

surface be removed and their places sup- /* jc, 
plied by pistons exactly fitting the orifices, 
and acted on by pressures just sufficient 
to keep them at rest. 
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It is found by experiment, that if any additional 
pressure be applied to one of the pistons, an equal 
additional pressure must be applied to each of the 
other pistons, in order to prevent them from starting 
out. 

This proves that a pressure applied to any portion 
of the surface of a fluid at rest is transmitted by the 
fluid undiminished to every other portion of the 
surface. 

And, we also find by experiment, that whatever 
be the direction in which any piston is inserted in the 
vessel, the same pressure is required to keep it at rest. 

Therefore fluids press equally in all directions. 

[We must observe, that in this and the following 
propositions of the first chapter, the pressure of the 
atmosphere on the surface of the fluid is neglected, the 
reasoning being the same as it would be if the ex- 
periments took place in vacuo.] 



Prop, II. 

The pressure on any particle in a fluid is pro- 
portional to its depth below the surface* 

Let P be any particle in a 
fluid. A N.JB B 

1. Let the vertical line PN^ D 
which meets the surface in iV, fall 
entirely within the fluid. 

We may suppose the line PN^ to consist of a 
number of equal particles arranged along the line. 
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Now, each particle in PA', receives ibe pressure uf 
the particle above it, aDd transmits this pressure, in- 
creased by its own weight, to the particle below it. 

Therefore the pressure on P is equal to the weight 
of the particles in the line NP. 

And since the particles in NP are equal, the 
. pressure on P varies as (or is proportional to) the 
length of NP. 



Let P be 
direcilir bclo> 
Ihe surface. 



1 



Therefore 
|]ies£ure al 

= weight t 



2. Let the line NP not fall entirely within the 
fluid. 

Suppose a part ADC of the fluid to be separated 
from the rest by a rigid film DC; the equilibrium 
will not he disturbed, since the rigidity of DC coun- 
teracts the upward pressure of the fluid. 

If therefore we remove the portion ADC entirely, 
and suppose DC to be the side of the vessel, the 
equilibrium will not be altered, and the pressure on P 
will be the same as before. 

Therefore the pressure on P varies as (or is pro- 
portional to) NP. 

Therefore, in both cases, the pressure on P is pro- 
portional to NP, its depth below the surface. 



PliOP. III. 
The surface of a fluid at rest h horizontal. 



Let ADC b« J 

enrioiHl iu ■ 
rigid lilui, 
equilibiiun 
will itiU n 



Let P, Q be any two contiguous par- 
I tides in the interior of a fluid at rest, 
situated in the same horizontal plane. 

Pti, Ql) be drawn, 



ILet the vertical line, 
meeting (he surface a, h 



P. Q, are two I 

same horiioii- 
dCBX Pil, Qiil 
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The vertical The vertical pressures on P and Q, which act per- 

?f Q jJave no pendicularly to the plane in which they are, will have 
tendency to^^ ^ tendency to move them upwards or downwards out 
the horizontal of this plane, but will have no tendency to move them 
^ ^^ * ' ifi Qf along the plane. 

The only forces which have a tendency to move 
them in the plane are the horizontal pressures of the 
Therefore, surrounding fluid ; and since the particles P, Q are at 
at rest, the ho. rest, these pressures must counterbalance each other. 

rizontal pres- 

»r»^» them ^^^^^^^^^ horizontal pressure on 

P ss horizontal pressure on Q. 
Therefore the But vertical pressure on 

vertical pres- 

*^p"l^Q*ft. ' P = horizontal pressure on P. — Prop. i. 

= horizontal pressure on Q. 
=s vertical pressure on Q.— Prop. i. 

And these pressures are as Pa^ Qfe, therefore Pa = Qb» 

Therefore, And Pa is also parallel to Qfe, therefore (i. 34) 

tehLC>ntS.^ «6 is parallel to PQ, and will therefore be horizontal, 
since PQ is horizontal. 

Therefore the Therefore the line joining any two adjacent par- 

zontal. tides on the surface of a fluid at rest is horizontal ; 

therefore the whole surface is horizontal. 



I Peop. IV. 

\ 
If a vessel^ of which the bottom is horizontal and 

the sides vertical^ be filled with fluids the pressure 

upon the bottom will be equal to the weight of the 

fluid. 
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Let C, C i>e such a vessel. 
We may conceive the wholi 
Conlained in the vessel to he made up of 
number of vertical lines of particles, 
iuch as ^<i, Bb. 

The pressure produced on the bollom hy each of Pressure uf 
hese lines is its weight. 

Therefore the pressure produced on the hottom 
f all these lines together will be the sum of their 
reights. 

That is, the pressure produced on the hottom of Tiirreforc, 
le vessel by the whole fluid will be equal to its offlui/ii equal I 
weight. '" '" "='8l't- 



Prop. V. 

To state and explain ike hydrostatic parndom. 

The hydrostatic paradox is this, that any quantity 
of fluid, however small, may, by 
be made to balance any weight, however large. 

^ is a vessel whose top B is a 
WizoQtal board, connected with 
the bottom by leathern sides, so 
that it can be raised or depressed. 

The vessel communicates witli 
small vertical tube C, by means li 
of a pipe Df the tube being of 
orni bore. 

If water be poured into the instrument it will rise vVbibt poured 
to the same level in the vessel and the tube. Let BF Qi^nt will rest 
be this level. ""■=" 




level In tl 
the tuliE. 



If a heavy weight W be now laid on B, a 
small additional qiiaDtity of water FG will be sufficiel 
■ to support it. 



This is the hydrostatic parado: 
BB^ight tP. " to explain it. 



Whole pi 



"- Let A = area of board, a = area of tube, w = weij^ 

ijubI of column FG ', then by 4 : pressure on the area a of 
; tube at /* = w. 

Now, since the pressures at each point in the samt 
horizontal plane of a Uuid at rest are equal. 



area a a.i F : whole pressure on 
area A of the board ■.: a : At 



whole pressure 

and the pressure on the board 



,. = -^.ir. 



.-. w i W :: 



: A, and i 



fFaslTgea; 
we like, by ir 
creaiiin^ A or 
decreasing a. 




Therefore, by diminishing a, or increasing A, vt 
may make w as small as we like, without altering W. 

Therefore any quantity of fluid, however small, may 
be made by means of its weight to support any other 
weight. a.E.D. 

Con. If, instead of the weight of the column FG, 
a small pressure equal to the weight of the column FG, 
were to act at F by means of a piston, the same effect 
would be produced. 

Now, since the weight of the column FG may be 
made as small as we like, the pressure on the piston, 
which is equal to it, may be made as small as we like, 
(viz. by diminishing the diameter of the tube) without 
altering W. 



Hence, any pressure however sniall may by meaus 
of a fluid be made to balance any other pressure how- 
ever great. 

The hydrostatic paradox is sometimes stated in 
Ihe above form. 
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If we plunge a solid body into 
aTCBsel filled to tbe brim with any 
kinil of fluid, part of the fluid must 
How over the brim of the vessel. 

It is also clear that the fluid 
»Wch flows over the vessel must be 
equal in bulk to that part (A) of tiie solid which is 
irsirersed. 

If the vessel into which the solid is plunged be 
not filled to the brim, that part of the fluid which in 
tie previous case would flow over the brim, will rise 
inthe vessel, and the quantity of fluid that rises in the 
'essel, owing to its being displaced by the solid, will 
still be equal in bulk to that portion of the solid which 
u immersed, and therefore displaces it. 

This portion of fluid is called, the fluid displac 
bj the body. 

If a body be suspended from the scale of a balance 
i'v .( string, the number of pounds whicli must be 
;: mI in the other scale to Support it is equal to the 
"<iL-lit of the body. 

Now if the boily be wholly or partially immersed 
in a fluid, it will require a less weight in the other 
scale to support it than before, because the fluid itself 
eierts a pressure upwards on the body. 

The difl'erence of the two weights that are required to 
balance the body is called the weight lost by the body. 
7 
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■7^ 



-n 



Supply ihe 

Slaceof^ will 
uidoflhe 

fluid become 
will Btill be 



fluid dinplaced 

= WHjjht of 

■olldiSed fluid. 



For instance, if a body wdgliti 4 lbs. in air, and 
3 lbs. when immersed in a fluid, the body would be 
said to lose 1 lb in weight. 

By this expression it is not meant that the bodj 
actually loses 1 lb. in weight, but that it appears to 
do so, because a less weight is required to support it; 
for if the body be removed from the fluid it will of 
course weigh 4 lbs. as before. 

Phop. (A). 
If a body be either wholly or partly immersd 
in a Jtuid, the pressure of the Jlutd upwards on the 
body is equal to the weight ofthejluid displaced. 

Let a body A be cither wholly 
or partly immersed in a fluid. 

Then the pressure upwards of 
the fluid on the body is equal to 
the weight of the iluid displaced. —__-^^- ^ 

[i If Jl be removed, and the place which it occupied 
in the fluid, be filled with fluid of the same density as 
that in the vessel, there will be equilibrium, and if the 
portion of fluid thus substituted, become solid without 
altering its density, there will still be equilibrium. 

Now this solidified fluid presses downwards witt 
its weight, 
and weight of fluid displaced = weight of solidified fluid, 

= pressure of the fluid tip*« 

wards on the solidified 
fluid, (since this pressure 
keeps it at rest), 
= pressure of the fluid up- 
wards on the body, 
(for the body occupies the same space in the fluid, that 
the solidified fluid does), a 



From this proposition several important corollaries 
may be deduced. 

Cor. 1. If a body Jloat on a Jltcid, it displaces Prop- ' 
as much of the fluid as is equal to the weight of the 
body ; and it presses downwards and is pressed up- 
wards with a force equal to the weight of the fluid 
displaced. 

Then the force with which the body presses down- 
wards 

= the weight of the body, 
= the pressure of the fluid upwards 
on the body (since this pressure 
entirely supports the body), 

, = the weight of the fluid displaced 

(by the previous Prop.) 
This corollary forms the sixth Proposition of the 
Schedule. 

N.B. The reader will observe, that in proving 
.this, or the fourth of the following corollaries, he must 
first prove the proposition itself, on which they de- 
pend. 

Prop. VII. of the Hydrostatics has already been pn,p. , 
proved in the first Chapter of Mechanics (viz. Article 

III.). 

Cor. 2. When a body floats in a fluidy the 
centres of gravity of the body and of the fluid dis- 
placed are in the same vertical line. 

The weight of the body is equivalent to a single 
force acting in the vertical line which 
passes through its centre of gravity G, ^^p^ 
and since the pressure upwards of the -^ *^r ^K 
fluid balances this weight, it must act in ^*_~r^p^p 
ihe same vertical line, 
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But this pressure also balances the weight of the 
fluid displaced, therefore the line of its action must 
pass through the centre of gravity C of the fluid 
displaced. 

Therefore G and G' must be in the same vertical 
line. 

Prop. VIII. CoE. 3. When a body of uniform density floats 

in a fluids the part immersed : the whole body :: the 
specific gravity of the body : the specific gravity of 
the fluid. 

Let a body float with M cubic inches 
above the fluid, and N cubic inches in it. 

Let S be the specific gravity of the 
body, S* that of the fluid. 

Then weight of the fluid displaced = NS' 

and weight of the body = {M + N) S 

(by Prop. VII.), 

and since the body floats, these two weights are equal) 
by Prop. VI, ; 




or 



N : M + N :: S : ST. 



This forms the eighth Proposition of the Hydro- 
statics. 

Prop. IX. Cor. 4. When a body is (wholly) immersed in a 

fluid, the weight lost : the whole weight of the body :: 
the specific gravity of fluid : the specific gravity of the 
body. 

Let M be the magnitude of the body, 
W its weight, S the specific gravity of the 
body, S'. the specific gravity of the fluid. 




TUen the weigtit lost by the body 

= the pressure upwards of 
the fluid upon it, 

= the weight of the 
displaced, 

= MS", by Prop, vir., 

' and If = MS, by the same Prop. ; 

the weight lost MS" _ S' 

"'• the weight of the body "^ JtfS ~ S^ ' 

or the weight lost : the weight of the body :: the specific 
gravity of the fluid : the specific gravity of the body. 

This forrqg Prop. ix. of the Hydrostatics. 



Phop. X. 

To describe the hydrostatic balance, and to shew 
how tojind the specific gravity of a body by means of 
it ; (l) whefi its spetdfic gravity is greater than thai 
of tkejiuid in which it is weighed ; (S) when ii ia less. 

The liydrostatic balance is merely a common 
balance, with a hook attached to . 

the bottom of one of the scales, so ' '— 

that a body can be weighed not 
only in air, but also when immersed 
hi some fluid of known specific 
gravity. The fluid generally em- 
ployed for this purpose is water. The instrument is 
used for the purpose of finding the specific gravity of 
floUds. 
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(l) To find the specific gravity of a body, when 
it is greater than that of the fluid employed. 

Let W be the weight of the body in air, W its 
apparent weight when immersed in the fluid. 

Let M be the magnitude of the body, S its specific 
gravity, S' the specific gravity of the fluid. 

Then W - W = the weight lost by the body, 

w-w'^MS', = the weight of the fluid displaced 

(Prop. A.), 

= MS^ (Prop. VII.), 

fjD = MS, and W = MS (Prop, vii.), 

W MS S 



W^ W MS' S 



v) 



w 



W'W'' S'' °' *^ "* w ^W 

Here S' is supposed to be known, and W, W* may be 
found by actual weighing, whence S' may be deter- 
mined* 

(2) To find the specific gravity of a body P, 
when it is less than that of the fluid employed. 

P wiU not In this case the body will not sink in the fluid. 

sink. 

Therefore take Let there be taken therefore any body Q, whose 
^as TsinkCT. specific gravity is sufficient to sink both itself and P 
in the fluid. 

Let M be the magnitude of P, S its specific 
gravity, S* that of the fluid ; and let w « the weight 
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f P in air, W = the weight of Q in air, W = its 
'eight in the fluid, and let W* = the weight of P and 
I together in the fluid. ^^ 

Then W+ww'^ wei^rht lost by P and Q to- W+w-fff' 

^ -^ = weight of 

gether, fluid whose 

bulk is equal 

= weight of fluid displaced by (p+q). 
P and Q, 

= weight of a quantity of fluid, 
whose bulk is equal to that 
of P and Q together. 

Similarly, W - W =^ weight of a quantity of fluid, J^". ^^' 

whose bulk is equal to that fluid whose 

_.^ f\ bulk is equa] 

®* *«• to that of Q. 

Therefore by subtraction, 
w + W ^ w' ^ weight of a quantity of fluid, whose ^ + W'r ? 

Y , 1 '' i» ~ weight of 

bulk is equal to that of P. fluid whose 

bulk is equal 
,*^ , ^ V to that of P 

= MS^ (by Prop, vii.), =MS\ 



and w s= MS 
¥^^ MS S 



(by Prop, yii.) ; and w = MS. 



' w+w'^w' MS' y 



therefore, 
w S 

w-^-W-w'^S'* 



or S 



w 



w + W" - w 



> • o . 



Here S" is supposed to be known, and u;, W\ w' may 
3e found by actual weighing, whence S may be de- 
termined. 



N.B. The body Q is called the sinker. 
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Prop. XI. 

To describe the common kydromeievj and to shew 
how to compare the specific gravity of two fluids by 
means of it. 

The common hydrometer consists of a 
hollow sphere, ending in a uniform cylindrical 
stem ; below the sphere is another smaller 
sphere, which is loaded with shot or mercury, 
so that the instument floats vertically when 
immersed in a fluid. 

The axis of the stem passes through the 
centres of both the spheres, and the upper part 
of it is graduated by divisions of equal lengths. 
The instrument is always made lighter than 
the fluids, whose specific gravities it is in- 
tended to compare. 

To compare the specific gravities of two fluids by 
means of the hydrometer. 

In both cases Suppose each of the divisions of the stem to be 

tnC W61Grnt 01 

the fluid dis. one four thousandth part of the bulk of the whole 
equaltVthe instrument, and suppose that, when the instrument 
weight of the jg placed in a fluid whose specific gravity is Sy 10 
therefore they divisions are above the surface, and that, when it 
each other? IS placed in a fluid whose specific gravity is S\ 4^ I 
divisions are above the surface. 

Then (4000-10) S = the weight of the first fluid 

displaced, 

=s the weight of the instrument 
(by Prop. VI.), 

= the weight of the second fluid 
displaced (by Prop, vi.), 

Hence we get = (4000 - SO) S', 

an equation ^ 

from which S OV 3990 S ^ 3970 *y . 

\y be deter- ^ ^ 

w*^- Hence if S be known, S may be determined. 
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CHAPTER 11. 

ox ELASTIC FLUIDS. 



The previous propositions depend upon properties 
which are common to all fluids, whether elastic or non- 
elastic. In the present chapter we shall proceed to 
enunciate and prove some properties which are peculiar 
to elastic fluids, as well as to discuss and explain 
certain instruments which depend upon these pro- 
perties. 

We have before stated that fluids are called elastic, 
when their dimensions are increased or diminished ac- 
cording as the pressure upon them is increased or 
diminished ; that branch of the science which treats of 
the properties of such fluids is sometimes called by 
the distinctive name of Pneumatics. 

In the succeeding propositions atmospheric air is 
adopted as the representative of elastic fluids generally, 
because it is that elastic fluid with which we are most 
familiar^ and whose properties are of the greatest im- 
portance to us; but the reader will see that all the 
conclusions at which we arrive with respect to air, are 
equally applicable to any other elastic fluid. 

Concerning this substance, we might at first feel a 
doubt whether it be matter or not, inasmuch as under 
ordinary circumstances it is imperceptible to any of 
our senses. We may however prove that it is matter, 
by shewing that it possesses weight. 

8 



Air has weight. 

Tbis may be proved by experiment. 

If & close vessel be weighed when full of air, and 

again when the air has been exhausted from it by 

means of the air-pump, it will be found to weigh less 

in the latter case than in the former; and if into a 

vessel full of common air, more air be forced by meana 

a condenser, the vessel will weigh more than at 

first. 

These experiments prove that air has weight. 




The elastic force of air at a given temperature 
varies as the density. 



3 tube, of uniform bore, having 
the end B closed, and the end A open, 
bent into the form ABC, s 
legs are parallel. 



that the two f- 



A quantity of mercury is poured in 
through the open end A, so as to confine j 
a portion of air in the leg BC. 

The instrument is then placed with its 
legs vertical in an exhausted receiver, 
the points E, e at which the mercury rests in the 
tubes are marked. . 

A 

More mercury is then poured in through ^ 
the points F, f at which the mercury rests in the 
tubes are again marked. 



B 

::J: 

C 



If FF*, E£ be drawn liorizonia), meeting iho 
ber leg in F, E, 

we Bnd (hat -^^ is always equal to — ^. 

Let a be the area of a horizontal section of the 
le. 

Tien weight of roercurial column _/"/*, WciRhio 

■> pressure dowDwards on area a at /*, ' ' 

■= pressure upwards on area a at ^ (Prop, t.) 

«= pressure upwards on area a at /* (Prop, ii.), 

= pressure donnnards on area a^ F (Prop, t.), 

= elastic force of air in BF on area a. 

Similarly, weight of mercurial column eE 

«■ elastic force of air in BE on area a. - el»""» f 

uf Hir ill £ 
elastic force of air in BE " 

elastic force of air in BF t\t»\<,tom 

weight of mercurial column eE' 

weight of mercurial column y/"' 

•= - " , {since both the density of mercury and the = ttt. 
bore of the tube are uniform), 

BF HF 

■= -g^ (by the experiment), .. ~ . 

content of BF , . , , . - ., 

= — „ (smce the tube is of uniform 

content of 5£ 

bore), 

density of air in BE , . , . . , ,. 

5 : ? ■ - ■ — HT' (since the quantity of Qir = , '!-^-,- 

densUy of air in BF i J .ipniiiy^ili 
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being the same in both cases, the magnitude varies in- 
versely as the density.) (Mech. Chap. I. 13). 

therefore, Therefore the elastic force of air varies as the 

elastic force ., . 

oc density. density. 



Peop. XIV. 

The elastic force of the air is increased by an 
increase of temperature. 

This may be proved by experiment. 

For if a bladder partially filled with air be placed 
near the fire, the air will expand and distend the 
bladder ; if the bladder be removed to a cooler place 
the air inside the bladder will cool down, and the 
bladder will collapse again. 

Def. a piston is a plug, which, by means of a 
rod attached to it, can be made to play within a tube 
which it fits accurately. 

In the construction of instruments, it is very often 
necessary that a fluid should be able to flow freely 
through an orifice in one direction, but that it should 
be hindered from flowing through the orifice in the 
opposite direction. 

This object is generally effected by the use of a 
contrivance called a valve, which acts as a kind of door 
to the orifice, opening when a pressure is applied to it 
in one direction, and closing when a pressure is applied 
to it in the other direction. 

The annexed are different forms of valves opening 
upwards. 




o- 
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Describe the cotutruetiam nmd operatioH of the 
common air-pump. 



CossTECCTiOM. Tbe air- 
pump consists of a barret JB, 
in which a piston C works up 
ai)d down. 



1 



In the piston is a valve 
D, and at the bottom of the barrel another ralve E, 
both openiDg outwards ; the barrel communicates by 
means of a pipe F (called the suction pipe), with an 
air tight vessel G (called the receiver). 

The instrument is used for eshausting the air 
from the receiver G. 

OPERATtoK. Let us suppose the piston C to be Ifpl^tonbe 
at its lowest point, and both valves to be shut. ™im «nd'bi 

vkItcs shut. 

As C ascends, the atmospheric pressure keeps iJ As the piaion 
II , . , . 1 . , 1 1 ascends, D U 

closed, and a partial vacuum is created in the barrel, shut, A open, 

the pressure therefore is greater on the under side of 

E than on the upper, therefore E opens, and the air P""^'. ""di* 

which previously filled the receiver only, will now ntcRei. 

expand and fill both the barrel and the receiver. 

Therefore the air in the receiver is rarer than 
before. 

On the descent of the piston, E is closed, and the a« pi>ioti il*. 

' air in the barrel being condensed opens D and escapes ^hui, b oym, 
through it. When the piston again ascends, the air brirrfi'etwpM 
in G becomes still more rarefied, and the operatit>n ihrough D. 

-may be continued as long as we please. 
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Note. — Although the piston may be moved up 
and down the barrel as long as we please, there is a 
limit to the degree of rarefaction that can be produced ; 
as after a time the elastic force of the remaining air 
becomes too slight to open the valves ; and therefore no 
more air can be expelled by the ascent of the piston. 



To describe the common condenser and its ope- 

CoNBTKUCTioN, The condenser consists 
of a barrel AA, communicating with an air 
tight vessel B (called the receiver), a piston 
C plays within the barrel. 

The piston and the bottom of the barrel 
are furnished with valves, D, E, botli of 
which open inwards. 

The instrument is used for the purpose 
of compressing a large quantity of air into B. 

As piston de- OpEJtATiON. Let the piston be at its highest 

o^tit fnrt o point. As the piston descends, the air in the barrel 
rfoBcd, aad air being compressed will open £ and keep D closed, and 
intoB, the air that was in the barrel will be forced into the 

receiver B. 

The air therefore in the receiver will be more con- 
densed than before. 

Aapistonas- As the piston ascends, a partial vacuum is created 

doied'.andD in the barrel, the pressure of the air, therefore, in B, 
I^Siir""* ^'^' ^"^"^ ^^^ "^'"^ ^' ^"'^ ^^^ pressure of the external 
flaws into ^ air will open D, so that it will flow in and fill the 
"*""' barrel again. 



At each succeeding descent of the piston more air 
will be forced into the receiver, and the condensation 
may be carried on to any extent that may be required. 



Puop. XVII. 

To explain the construction of the common baro- 
tneter, and to shew that the mercury in the tube is 
sustained by the pressure of the air on the surface 
ttf the mercury in the basin. (Vid. figure in Prop. 

1. The barometer consists of a glass tube {AB), 
whose length is about thirty-four inches. One end {A) 
of the tube is open, the other end (_B) is closed. 

The tube is filled with mercury, and then, the end 
\ A being stopped, it is placed vertically in an open 
I vessel of mercury (C), so that the end J is a little 
below the surface of the mercury- 

On withdrawing the finger the mercury in the 
tube subsides, until A stands at a height above the 
mercury in the basin, which varies on different days 
from 28 to about 32 inches. 

The exact beigiit at which the mercury stands, is 
;iDflrIted by a graduated scale of inches, at the end B. 

The instrument is used for measuring the pressure 
of the atmosphere. 



2. The following experiment shews that the 
mercury in the barometer is sustained by the pressure 
of the air on the mercury in the basin. 

If the instrument be placed under the receiver of 
an air-pump, as we exhaust the air in the receiver, the 
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mercury will continue to sink in the tube until it is 
nearly on a level with the surface of the mercury in 
the basin. If we readmit the air into the receiver, the 
mercury will rise in the tube to its former height. 



Prop. XVIII. 

The pressure of the atmosphere is accurately 
measured by the weight of the column of mercury in 
the barometer. 




Let the mercury in the barometer ^ 
rise to the point H. „ 

Let a be the area of a horizontal 
section of the tube. 

At any point E on the surface of the 
mercury in the basin, take an equal area 
a, and let the tube meet the surface at 
D. 

The atmospheric pressure downwards 
on an area a at E^ 

= pressure upwards on an area a at jB, (since there is 

equilibrium), 

= pressure upwards on an area a at Z), (by Prop, ii., 
since D and E are in the same horizontal plane), 

= pressure downwards on an area a at Z), (by Prop, i.), 

= weight of mercury in HD^ (by Prop, iv.) 

Therefore the atmospheric pressure on any area is 
equal to the weight of a column of mercury, whose base 
is equal to that area, and whose height is equal to the 
height of the mercury in the tube. 
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'fu dencribe the construcfion of the commtin pump 
mrf iti operation. 

CoNSTitucTioN. A jiiston 

wked by a lever III, plays up and , 

9wn in a hollow cylinder B (callct" 

le body of the pump), 

UDicates with a smaller cylinder 
■C (called the suction'pipe), whose 
ogth must be less than 34 feet. 
In the piston and at the bottom 

B are valves e, f, both openinfr 
Itvards, and a little above the 
ghest point to which the piston 
is an open spout D. The 
d of the suction pipe is placed a ■ 
tie below the surface of a reservoir 

water Wi and the machine is used for the purpose 

ndsing the water in W through the spout D. 

Operation. I..et the piston be at its highest Let the 
It, and both valves shut. est&o'i" 



lir in B being com- f^^^^ ^-^f '*■= 

id the air which was ="1^5, /is 
shul, e open. 



As the piston descends, th< 
tesed, closes /, and opens e, 

£ escapes through e. When the piston has descended 
its lowest point, e shuts by its own weight. through/. 

When the piston ascends, a partial vacuum is As the pisun 
ated in B, e therefore is kept closed by the pressure shi™/'open 
flie external air, and the air in CC presses against J?^^ "^^^j 
i opens /, and expands so as to fill B, as well as C. fii's "ne band, 
hen the piston has ascended to its highest point, / 
by its own weight. 




Thus the air The air therefore in C becomes less dense, 

Bodih^Bsure therefore exerts a smaller pressure on the surface of 
thweft^af ' *^^ water in W tlian it did before ; it will therefore no 
mosphetic longer balance the pressure of the external air on the 
thewaierupC. surface of the water in W, and this pressure will there- 
fore force the water up the tube CC, until equilibtiuo 
is restored. 
A[ each ascent At each successive ascent of the piston the water 
IhewJirT-' will rise higher in CC, until at last it flows through/, 
n™ri]*il"fln». when the next ascent of the piston will lift it so as to 
flow through the spout D. 

(The height of the valve/above the surface of the 
water in the well, must be less than the height of the 
water barometer, or else the pressure of the external 
air will not be able to raise the water up to /; and 
the pump will not work. ' 

The height of the water barometer in this country '■ 
is generally about 34 feet.) 



thiough /, 
when the pie- 
ton lifts it 
through D, 



Peop. XX. 
To describe the construction of the 
pump and its operation. 



CoNSTuocTiON. A solid 
piston J works up and down 
a cylinder B, by means of a 
rod attached to a lever; B 
communicates with a suction 
pipe CC, the end of which is 
a little below the surface of a 
reservoir of water TF; a pipe 
££endinginaspout/>,opens 
into the bottom of the cylin- 
der B, and where CC and 
EE join the cylinder B are 
valves/, g'jopeningoutwards. 



forcitig 




' instrument is used for the purpose of raising 
T from W through 2>, and the tube EE may 
y height that is required. 

BATIDN. Let the piston be at its highest 
id both valves closed. 



;he piston descend 



in B, being corn- 



shuts /, and opens g, and the air in B escapes 



Ihe piston ascends, a partial vacuum is created Asi 
le pressure of the external air will therefore ^^ 
md the air in CC will open /, and expand so '''«' 
both the tube CC and the barrel B. fiiu the itm 

air therefore in CC will be rarefied, aod its Therefore lu J 
on W will be decreased, and will therefore be cre^^'and*! 

balance the pressure of the atmosphere. 't* V'^stun < ' 

'^ ' ihe almospho 

fotcesrt 

atmospheric pressure will therefore force the "p t". 
) CC until equilibrium is restored. 

ach ascent of the piston the water will rise in When the 
til at last it flows through /, when the next iTi'Sl'ugh'/'n 
of the piston will force the water through ;/. ^eicent 

when the piston ascends g is closed, therefore whence it 
r cannot return through g, and each successive and each ^b- 
3f the piston will force the water a little higher p™on"foJj| 
until at last it flows through D. up higher 

" EE, until it 

in the case of the common pump, the height o, 
live/, above the surface of the water in W, 
less than 34. feet.) 
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U Bd he not 
greater than 
die height of a 
barometer 
formed of the 
8ame fluid, the 
continuity will 
not be inter- 
rupted, and 
fluid in siphon 
will act in the 
same way as a 
heavy cnain. 



Prop. XXI. 

To describe the siphon and its operation. 

The siphon consists of 
a bent tube ABD, of uni- 
form bore, and with legs 
of unequal length. 

It is used for empty- 
ing fluids from a higher to 
a lower level. 

The shorter leg is 
placed beneath the surface 
of the fluid CC, the end A is stopped, and the air is 
exhausted from the tube by means of suction, or the 
air-pump, when the atmospheric pressure forces the 
fluid up the tube, until it fills the siphon (provided 
the height bd of B above the surface of the fluid, is 
not greater than the height of a column of fluid, whose 
weight just counterbalances the atmospheric pressure). 
On opening A the fluid will flow through the tube, 
and out of A. 

To shew the reason of this. 

Let the shorter leg meet the surface in 2>, and let 
a equal the number of square inches in a horizontal 
section of the tube. When A is unstopped, the fluid 
columns fiZ>, BA have a tendency to fall by their 
own weight, leaving a vacuum at jB, but (provided 
the height of B above the surface is not greater than 
that of a barometer formed of the same fluid) the 
atmospheric pressure will sustain the column jB2>, and 
the continuity will not be interrupted. 

We may therefore argue concerning the fluid in 
the siphon, as if it were a heavy chain. 
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low the forces which act are: — TheforeeB 

(1) The atmospheric pressure on the area a at A, ainiospheric 

Ctiog from J to D. and n, which 

(2) The pressure of the fluid upwards on the oiher 

Wea a at D, acting from J) to A. columns BD, 

JT ■ 
And this = the pressure of the fluid upwards on any ti 

equal area a, in the surface of the fluid, in ihe directliui 
on the i( 
surface, 
and the atmospheric pressure being equal at these 
points, these two forces must counteract each other. 
The only remaining forces are: — 
(a) Pressure of fluid on BD, which 
= weight of a column of fluid whose base is a, 
and height hd. 
(4) Pressure of fluid on BA, which 
= weight of a column of fluid whose base is a, 
and height ha. 
Thereforeif5a>Sd,thefluid will flow through^. 
Note, The pressure of the atmosphere at D is 
not the same as its pressure at a, (by Prop, ii.) since 
the point a is lower than JD; but, the density of the 
air being very small, the difl^erence between the atmo- 
•ipheric pressures at these two points is so slight that it 
may be neglected, and the two pressures may be con- 
ffidered as practically equal. 

Piiop. XXII. 

To skew how to graduate a common thernmmeier. 
(Vid. figure in Prop, xxiii.) 

The thermometer consists of a glass bulb, coni- 
iminicating with a slender glass tube, of uniform bore. 
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The end of the tube being open, the bulb is filled 
with mercury, and placed over a spirit lamp, until the 
mercury rises in vapour through the tube, when the 
flame of a blow-pipe is passed over the end, and her- 
metically seals it by melting the glass. 

There will therefore be a vacuum in the tube 
above the surface of the mercury. 



I placed in melting snow, 
ercury sinks {A) is marked 



The instrument is the 
and the point to which the i 
as the freezing point. 

The instrument is next placed in boiling water, 
and the point to which the mercury rises (B) ia marked 
as the boiling point. 

The intermediate space is divided into any number 
of equal degrees, and the parts of the thermometer 
above B and below A, are very often graduated ac- 
cording to the same scale. 

The instrument is used for measuring the tempe- 
ratures of different bodies. 



Peof. XXIII. 

Having given the number of degrees on Fahren- 
heifs thermometer, tojind the corresponding number on 
the centigrade thermometer. 

In Fahrenheit's thermometer the freezing B B 
point is marked 32" and the boiling point 212*, 
so that the space AB, between the two contains 
180" graduations. 

In the centigrade thermometer the freezing 
point is marked 0, and the boiling point 100*, 
so that the space AB contains 100" graduations. 

Let the mercury stand at any point Q. 

Then, since the graduation is uniform in 
both cases. 
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Number of degrees Fahrenheit in AQ : number of 
degrees Fahrenheit in AB :: number of degrees cen- 
tigrade in ^Q : number of degrees centigrade in AB. 

Let C^ be the number of degrees marked opposite 
to Q on the centigrade scale, F^ the number of degrees 
marked opposite to Q on the Fahrenheit scale. 

.•• ^ — 32 =s the number of degrees Fahrenheit in AQ^ 

and JP-S2 : 180 :: C^ : 100, 

or 100 (jP - 32) = 180 (y. 

From which equation we may find C^, when F^ is 
given ; or F^, when C^ is given. 



NOTES. 
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Thus it would belong to the province of 
ics to shew by what forces a boat may be kept at rest 
]^ a current, or a ball be supported on an inclined plane; 
" the boat were put into motion, or the ball allowed to 
*'**ll, it would belong to the province of Dynamics to ex- 
Plain all the circumstances relating to the motion. 

Def. 9. Whatever causes, or, if not counteracted, 
^^ould cause, the, state of a body's rest or motion to be 
'different from what it would otherwise be, is called a force. 
There are some forces, whose only effect is to retard 
**lotion ; that is, to keep a body in a state of rest, or to 
**educe a moving body to a state of rest ; such forces are 
*^alled forces of resistance. The friction of surfaces, the 
Resistance of the air, or water, or that of an immoveable 
Jiioiat, such as the fulcrum of a lever, are forces of this 
ttind. 

We know from experience, that, when a heavy body is 
at rest on a rough surface (as is the case when a coach 
stands on a road), it requires a considerable effort to move 
the body. If we push against it slightly it will not stir, 
although we are conscious that, in pushing against it, we 
exert a force. In all such cases we call into action a new 
force, viz., the force of friction, and this is sufficient to 
counteract the force which we apply to the body. We 
find, however, that if we increase the force, which we apply 
to the body, to a sufficient extent, we are able to overcome 
the friction, and move the body. 

That this resistance to motion is produced by an ex- 
traneous force, and is not the result of any natural ten- 
iCJ of the body itself to a state of rest, is ycowed h-j the 
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I fact, that if we render the surface on which the body rest 
|emoother than before, a smaller force will be sufficient I 
Imove the body. Thus a body which rests on a smootl 
Lplatforrn can be moved more easily than if it rested on 
■tough road, and if it rests on a sheet of ice, it can 1 
liDoved with still greater ease ; and hence we may conclud 
Kthat if the surface on which it rested were perfectly smooth 
; might move it by any force however small, provided tb 
Ifrictiun between the surface of the body and the plane < 
•vhich it rests, were the only resisting force that acts up< 
rthe body. 

In fact, bodies have in themselves no tendency eithi 
(to rest or motion. That they have no tendency to motioi 
B a matter of daily experience, for we all know that a bod 
iaX rest will not move unless acted upon by some externi 
but it is not equally obvious that a body in motto 
iwill continue to move for ever with the same velocity 
I'unless it is acted upon by some external force, since s 
I bodies which we see in motion are, if left to themselvea 
■[found to move slower and slower, and finally to stop. 

Id all such cases, however, we find, if we examim 

■ matter carefully, that the body is acted upon by som 
Icause which tends to diminish its velocity; and if we eitht 
l.iemove, or make allowance for all external causes, whic 
tmust affect the motion of the body, such as friction, gravity 
Ithe resistance of the air, £ec., we find that n body in moHo 
Kmill continue io mooe in the same direction, and with 
Ifini/orm veloeiiy, unless it be acted on by some externi 

\force. 

If, therefore, either the direction or the velocity of 

■ body's motion are altered, or if a body is put into motio 
Ifrom being in a state of rest, or if it remain at rest whe 
linHuenced by causes which would under other circun 
I.Btances be capable of imparting motion to it, this chang 
ftmust have been produced by some external cause. What 

ipver causes such a change is called a force. 

hus the air which resists the motion of a. projectile 
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and the water, which retards the speed of a vessel, are said 
to exert a force ; the resistance which hinders a book from 
sliding down a plane slightly inclined to the horizon is 
called a force ; and the wall which changes the direction of 
a ball thrown against it is said to exert a force, as well as 
the hand hy which the ball is thrown, and the earth which 
attracts it to its surface, and from which by the force of 
elasticity it again rebounds. 

Def. 3, 4, 5. Every particle of matter, however small, 
attracts every other particle. It may however be proved 
theoretically, that the united influence of all the particles 
l^llich compose the earth, is the same as it would be if all 
Pilose particles were collected at the earth's centre. This 
^ncoretical conclusion is confirnied by constant and general 
^scperience; for all known bodies, when left to themselves 
^**1] perpendicularly to the earth's surface, that is, in the 
direction of its centre. 

The cause which produces this effect must, according 
*<^ our definition, be called a force, and this force is said to 
**« exerted by the earth ; because it causes bodies to fall to 
tVie earth. 

As the earth attracts all bodies towards itself, so it is 
attracted towards them in return ; but their masses are so 
Small when compared with that of the earth, that the 
earth's attraction only is apparent to us. For the same 
reason the mutual attraction of bodies on the surface of the 
earth, is not in general perceptible to us, although in some 
cases it has been observed that a plumb-line, which under 
ordinary circumstances hangs vertically, has been deflected 
from the vertical by the attraction of a mountain. 

Again, if we prevent a body from falling to the earth, 
by supporting it with our hand, we find that the body 
exerts a pressure upon it. This pressure exerted by the 
body is called its weight, and always acts in the direc- 
tion of the earth's centre. Strictly speaking, the body 
not of itself exerj a pressure upon the hand ; it is the 
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attraction of the earth wliich causes the body to press dowi 
wards; but as tlie pressure upon the hand is exerted ibroug 
the medium of the body, the above expression has beei 
I adopted to avoid circumlocution. 

It may be objected to this definition that ther 
rare certain forms of matter, such as light, colour, &i 

■ which are imponderable. The consideration however, o 

■ these substances does not come under the range of whati 
KBtrictly called Mechanics. Nor can it be proved that thes 
■Ibrms of matter, if indeed they be forms of matter, ar 
■absolutely without weight ; all that can be considered a 

■ certain is, that their gravity ia so slight that no instrumeni 

■ which we possess are sufficiently fine to detect it. Of a 
hthose bodies whose existence is obvious to our senses 1 
Imay be truly said : "Nulla dari corpora plane levia, jan 
Kdudum confirmavit experientia multiplex." 

By impenetrability is meant that property of inattei 
f by virtue of which, no two particles can occupy the sun 
I point of space at the same time. 

A striking example of the impenetrability of mattC 
I will be found in page 49. 

When we wish to express the magnitude or size of as 
Kthing, it is necessary, in the 6rst place, to Rx upon Bom 
^definite and well-known portion of that kind of thinj 
■The portion thus fixed upon is called a unit. We the 

■ state the number of times that this portion is contained i 

■ the thing in question. If, therefore, we wish to state th 
■Mnagnitude of a weight, our first step must be to fix upa 
IjBomc standard unit of weight, and then we can state lio< 

often this standard unit is contained in the weight i 
Question. 

We can estimate weight only by means of its rat 

fchanical effects, and therefore we naturally conclude th« 

l.if any two bodies produce equal mechanical effects the 

possess equal weights. The mechanical effect, which fui 

giishes the most convenient standard for this purpose, is tl 



13 

bending of a spring to a certain point, inasniucli as this 
effect is subject to very little variation. 

If two bodies bend the same spring down to the same 
point, we conclude that their weights are equal; if another 
body bends the spring to the same point that the two iirst 
bodies together do, it will weigh twice as much as either of 
them, and so on. If, therefore, we take a particular 
portion of some known substance, as for instance 2^ cubic 
inches of lead, the weight of this portion of lead will serve 
as the standard unit of weight, and will have some peculiar 
name, as for instance, a pound, applied to it. Whatever 
IwKly, by means of its weight, bends the spring down to 
the same point as this piece of lead, will weigh a pound 
also ; and whatever body bends the spring down to the 
Bame point as 2 . 3 . 4, &;c., such pieces of lead, when ap- 
plied at the same time, will contain 9.3.4, &c,, of the 
standard units of weight, and will weigh 2.3.4, &c., 
pounds. 

Def. 9- The definition of density given here, differs 
from that which is usually given, because it was necessary to 
give analogous definitions of density and specific gravity, 
and no definition of specific gravity but that given in Art, 
11, is consistent with the formula W=MS, which is one 
of the propositions required to be proved in the schedule. 

Since the densities of different bodies are defined to be 
(he quantities of matter contained in a unit of volume of 
those bodies, it follows that in bodies of uniform density, 
the densities will be proportional to the quantities of 
matter in any equal volumes of those bodies, and there- 
fore, by Def. 7, the densities will be proportional to the 
weights of any equal volumes of those bodies. 

Thus, two bodies possess the same density, when equal 
volumes of those bodies possess the same weight; if a 
volume of the one weighs twice as much as an equal 
volume of the other, the density of the first is said to be 
twice as great as that of the other ; if a volume of the first 
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weighs three times as much as an equal volume of ^^"^ 
other, the first is said to be three times as dense as i-^'' 
other, and so on. It will be seen therefore, from what h ■** i 
been stated above, that density, and quantity of matter, 
refer merely to the number of particles contained in a body, 
whilst specific gravity and weight refer to the force exerted 
by those particles. 

Also, since the quantities of matter in different bodies 
are proportional to their weights, the densities of different 
bodies are proportional to their specific gravities. 

In the tables of specific gravities, the specific gravitj 
of distilled water at a temperature of 6o" Fahr., is sup 
posed to be 1 , and fi'om this the specific gravities of oth( 
bodies are calculated. 

It is evident that a table of specific gravities will i 
serve as a table of densities, if we suppose the density o 
water at 60° to be 1 as well as its specific gravity. 

For the sake of convenience, another standard unit c 
specific gravity has been adopted in the case of elastit 
fluids, where 1 is supposed to be the specific gravity of dry 
atmospheric air, when the thermometer stands at 60", aii' 
the barometer at 30 inches. 

Def. 12. The definition of specific gravity is so intimate l 
connected with that of density, and the formula W=Mi 
follows so directly from the definition, that we have thougb 
it advisable to place them immediately after the definitioj 
of density, rather than in the place in which they stand i 
the schedule. 

Def, 13, This article contains the proof of a principli 
which is used in Prop. 13, of the Hydrostatics, and wil 
scarcely appear self-evident to a beginner. 

Section II. 1. There ia a difference between the statica 
and dynamical measures of force, because in Dynamics v 
have to consider not only the mass which is moved, bm 
I also the velocity with which it is moved. 
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The measure of a dynamical force is its motnenlum, 

tnat is, tlie product of the mass (which is moved) and the 

Velocity (with which it is moved). , 

We must distinguish hetween the magnitudes of forces, 

and the ratios which those magnitudes bear lo each other. 

It is only the ratios that can be represented by right lines. 
For instance, if the forces P, Q, R, were represented 

by three lines of which the first was one half of the second, 
and the second one half of the third, we should know that 
Q was equal to 2 P, and H equal to 9 Q, but we should still 
be ignorant whether the forces were 1, 2, and 4 pounds, or 
1, 2, and 4 cwt. If, however, the magnitude of one of the 
forces were known, the magnitude of the others might be 
determined from the ratios ; or if we agreed to represent a 
certain amount of force, as, for instance, a pound, by a 
line of a certain length, as an inch, then any line whose 
length was two inches would represent two pounds, and 



1. A PINT of water weighs lib,, a pint of gold iglbs. ; 
compare the densities and spccitic gravities of water and 
gold. 

Since by Article X. the densities of different bodies are 
proportional to the weights of any equal volumes of those 
bodies, 

Density of water : density of gold :: 1 : 19, 
and the densities of different bodies are proportional to 
their specific gravities; 

.*. specific gravity of water : specific gravity of gold :: 1 : 10. 

The same thing might be proved from the forraulje in 
Art. 12, for if M be the volume of a pint, that is, the 
number of cubic inches contained in it ; D, D' tt\e deosvtv'it 
II 
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of water and gold, S, S" their specific gravities, Q, Q' their 
masses, W, W" their weights, 

2. What relations exist in bodies of the same magni- 
tude, between their weights, masses and densities ? 

In this case we have for any two bodies, 

Q W 
Q = MD, QV= MD\ and J = -^^ , (Art. 7). 

Q MP D 

or the mass varies as the density ; 

TF _ Q D 

ano. ____, -^ ~~7 ^ __.. « 
W Q[ Z> 

or the weight varies as the density, 

3. If a cubic foot of cork weighs 15 lbs* and a cubic 
foot of tin weighs 450 lbs., what will be the density of tin, 
the density of cork being .24 ? 

density of tin 450 30 
density of cork 15 1 ' 

.-. density of tin = 30 x density of cork «= 30 x .24 

« 7.2. 

4. Five pints of alcohol weigh 4 lbs., and 10 quarts of 
oil weigh 18 lbs., compare the specific gravities of oil and 
alcohol, 

as 5 pints : 10 quarts :: 4 lbs. : the weight of 10 quarts 

of alcohol. 



'tile weight of 10 (quarts of alcohol = lbs. = I61bs. 

specific gravity of oil weight of 10 quarts of oil 



specific gravity of alcohol weight of 10 quarts of alcohol 
_ 18 _ 9 

~ l6 ~ 8 ' 

6. If 8 cubic feet of fir weigh 275 lbs,, and 72 cubic 

inc'hes of hazelwood weigh 25 oz., find the specific gravity 

of fir, that of hazelwood being .6, 

IIS 73 cubic inches : 8 cubic feet :: 25 oz. : weight of 8 feet 

of hazelwood ; 

■ ■ .. ,. r, , , S ^^ 1^28 X 25 
■■■ weight of 8 Jeet of hazelwood = oz. 

° 72 

= 4800OZ. = 300 lbs., 
specific gravity of fir 



specific gravity of hazelwood 300 12 
specific gravity of fir = — x specific gravity of hazelwood 



6.6 
- X .6 =■ = .55. 



6. Compare the quantities of matter in a piece of 
wood which weighs 3 cwt., and a block of marble which 

weighs 2 tons. 

Since the quantity of matter in different bodies is pro- 
portional to their weights, 

the qu.nntity of matter in the wood S cwt. S 
the quantity of matter in the marble 2 tons 40 

7. If a cubic foot of water weigh 1000 oz., and the 
density of manganese be to that of water as 8 : 1, what 
will 54 cubic inches of manganese weigh ? 



Bi 



(By Art. 7), 



'eight of a cubic ffwit of manganese 
weight oF a cubic foot of water 
.■. weight of a cubic foot of manganese = 8000 oi 



weight of 5i inches of maniranese = 

° 1728 



W as 1728 inches : 54 inches ;: SOOOoz. : weight of 51. inchi 

I 

^^^^B 8. Compare the quantities of matter in a piece of gold 
^^^^Bvhich weighs 15 oz., and a pint of water which weighs 1 lb. 

^^B 9. When is one body said to weigh 4 times as much 
as another body F 

10. When is one body said to be 4 times as dense as. 
another body ? 

11. A cubic foot of copper weighs 8900 oz., and 
cubic foot of nickel weighs 7fifi6oz., compare the densities 
of copper and nickel, 

12. A cubic foot of silver weighs 10470 oz., and i 
cubic foot of manganese weighs 500 lbs. If 10.47 represent 
the specific gravity of silver, what will be the specific! 
gravity of manganese ? 

13. Two pounds of brass weigh as much as l^lb. < 
silver, compare the specific gravities of silver and brass. 

14. In the preceding example find the specific gravity 
of brass, the specific gravity of silver being 10,5. 

15. If 6 cubic feet of manganese weigh 3000 lbs., and 
216 cubic inches of zinc weigh 875 oz., find the spet " 

.gravity of zinc, the specific gravity of manganese beii 
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The specific gravity of platinum is 21.5, that of 
nVer 10.5, how many cubic inches of platinum weigh as 
much as 14^ cubic inches of silver ? 

17. The specific gravities of zinc and manganese are 
7 and 8, How many cubic feet of zinc weigh as much as 

10^ cubic feet of manganese ? 

18. If 3 cubic feet of black lead weigh SOOlbs., and the 
density of black lead is to that of common lead as 40 : 189) 
irhat vill 36^ inches of common lead weigh P 

19. If 5 pints of oil weigh 4^ lbs., what will be the 
weight of 3 quarts of alcohol, the specific gravity of oil 
being to that of alcohol as i) : 8. 

20. Four cubic inches of gold whose specific gravity 
is 18, is mixed with 6 cubic indies of silver whose specific 
gravity is 10. Find the specific gravity of the compound. 

Let X = the specific gravity of the compound, 

(+ + 6) .V = the weight of the compound, 

= the sura of the weights of the gold and silver, 

= 4.18 + 6.10 = 132, 

= 13.2. 

iln the preceding example we have supposed the com- 
pound to occupy the same space that the gold and silver 
together occupied before they were combined. Substances, 
however, when combined do not necessarily occupy the same 
spaces that they do when separate. 

Thus if a glass be filled to the brim with water, a 

certain amount of sugar may be dissolved in the water, 

without its running over the sides of the vessel ; and if we 

..mx. together a pint of water and a pint of sulphuric acid, 

l^aixture will not make a quart. 



21. A pound of lead is mixed with a pound of silver, 
and the bulk of the mixture is equal to the bulk of the two 
Bubstaiices when separate, if the densities of lead and silver 
are 11,5 and 10.5; what will be the density of the com- 
pound ? 

22. Three pints of water are mixed with 6 pints of 
alcohol ; if there are 9 pints of the mixture, and the specific 

' gravities of water and alcohol are 1 and .8, find the specific 
gravity of the compound. 

23. Four quarts of sulphuric acid are mixed with 4 
pints of water; if there are only 10 pints of the mixture; 
and the specific gravities of sulphuric acid and water are 1.8, 
and 1, what will be the specific gravity of the mixture? 

Chap. II. Axiom 1. This axiom is manifest from thi 

coDsideratioD that, the forces being equal, and acting in th^ 

k same manner at the extremities of equal arms, no reason i 

I he assigned whj' the effort exerted by the one should 

I greater than the effort exerted by the other. 

The same reasoning is applicable to Axiom 3, for the 
■fulcrums are similarly situated with respect to the weight 
r supported, and therefore no reason can be assigned why the 
I pressure upon the one should be greater than the pressui 
1 upon the other. 

The following reason has been assigned for Axiom g. 

The two forces must be supported, and it is evident 
I that the only supporting force is that exerted by the ful- 
m ; the pressure of the two forces upon the fulcrum will' 
■not depend at all upon the length of the lever, but will be 
the same as if the two arms were shortened till the weights 
coincided at the fulcrum; but in this case it is clear that the 
pressure on the fulcrmn will be equal to the suin of the 
weights, therefore it will be so in every other case. 



If this axiom be admitled, there seems to be no suf- 
ficient reason why we should not at once generalize ihi' 
principle, and adopt the following as an axiom. 

If any number of parallel forces acting ht the- same 
direction on the arms of any lever balance round any ful- 
crum, the pressure of the fulcrum wilt he equal to the sum 
of the forces and will act in the same direcHon as the 
forces. 

Hence it follows, that, if the fulcrum be situated at any 
point P, a force equal to the sum of the forces, and acting 
at P in the opposite direction, would serve instead of 
a fulcrum, and counterbalance them if the fulcrum were 
removed. 

But such a force would also counterbalance a single 
force, equal to the sum of the forces, and acting at F in 
the same direction ; therefore the parallel forces produce 
the same effect as, and are therefore equivalent to, a single 
force equal to their sum, and acting at F in the same 
direction. 

Hence we might readily prove that, 

A horizontal cylinder of uniform density will produce 
the same effect as if collected at its centre. 

For if we suppose a fulcrum to be placed at the centre, 
since the parts of the cylinder on each side of the fulcrum 
are equal, similar, and similarly situated with respect to the 
fulcrum, there is no reason why the cylinder should turn to 
one side rather than to the other, and therefore the cylinder 
will balance round the fulcrum. 

Now the cylinder may be supposed to consist of a 
number of particles of equal weight equally diffused through 
the cylinder; and the weights of all the particles produce 
the same effect as a single weight equal to their sum acting 
at the point where the fulcrum was placed, viz. at the 
centre of the cylinder. 



If therefore we remove the fulcrum entirely, the whol 
iuder will produce the same effect as if all the particlf 
imposing it were collected at its centre. 

It will be seen, that the reason assigned for axiom 3; 
jniid in that case, is equally valid with respect to axiom 
Nevertheless these two axioms have been considered 
unsatisfactory by many that attempts have been made 
lupersede them. 

The following proof of the Lemma of Prop. 1 , is to b 
I'fbtmil in the Afcchanigue Analytique of Lagran' 
I iodc pendent of either of these axioms. 

Let ABC be any equilateral triangle 
|:|]tiiated in a horizontal plane, and let a 
Eveight 3P act at A and weights P, P 
l«Ct at £, C ; 



|:^Bect AB in d and dn 
Beet BC in/, and joi 
then 6.4, Ad : 



w de parallel to BCi 
I ji/cutting deing, 
dB :; Ag : gf _ :: . 




; eC; 



but Ad = dA; ■'■ Ag = gf and Ac = eC. 

P at A and P at B would balance rouad d, . 1 

and, P at A, and P at C would balance round e;J 

.■. 2P at A, P at B, and P at C balance round de. 

But P at B, and P at C, would balance round/; 
.'. 2P at .^, i* at B, and JP at C balance round Af; 
, tile three weights will balance round g the point of ia 
u(Bectioa uf Af and de ; 

|Mt 2P at A, would balance aP at/, round the fulcrum 

TUercfore P at B, and P at C, may be counteracted by 
lilts «rtlUt! fyrw as af at/, and they must therefore produce 
• hUWi efi^lil as ^i* aX /, the middle point between B 



proof of the property of the lever upon similar prin- 
ciples may be found in the works of Huyghens. 

pEor. 1. In most treatises upon Mechanics the prin- 
ciples of Statics are deduced from the parallelogram of 
forces, (see Prop. 8), instead of the property of the lever; 
but the arrangement of the propositions in the Schedule 
renders it imperative upon us to prove the property of the 
lever independently. 

It may safely be asserted that students in general find 
far more difficulty in the two first propositions of the Sche- 
dule than any of the rest; nor is this to be wondered at, 
when in most of the elementary treatises on Mechanics 
these propositions are made to depend upon definitions 
which are inadequate, and axioms which are not selfevident. 

For .instance, in the enunciation of the first proposition 
wp meet with a very singular expression, viz., the middle 
point of a prism or cylinder. It may be sufficiently 
obvious that by the middle point of a cylinder, is meant 
'the middle point of its axis; but what, it may be asked, is 
meant by tlie middle point of a prism P The expression 
might be supposed to mean the middle point of the circum- 
scribed cylinder; but unfortunately a cylinder cannot always 
be described about a given prism, nor, even if it could, 
would the proposition be necessarily true; neither, for the 
same reason, can it mean the middle point of the inscribed 
cylinder ; to a beginner therefore the expression is perfectly 
unintelligible. But it is not necessary that the theorem 
' should be true with respect to a prism, it is sufficient for our 
purpose, if we can prove it to be true for the cylinder alone. 

Now, if we examine the proposition, we find that the 
proof given in the text depends. upon the assumption that, 
"if we suppose the cylinder to be divided into a number 
of small equal slices by equidistant planes parallel to the 
ends of the cylinder, and these slices to be condensed into 
heavy points airanged at equal distances along the axis, 
the effect produced by the cylinder will not be altered." 
12 
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IDr Whewell, who seldom passes over a difficulty, lias 
placed this assumption among his statical axioms, and 
expresses it in the following words, "A heavy materia 
straight line, prism, or cylinder of uniform density may 
be supposed to be composed of a row of heavy points of 
equal weight, uniformly distributed along the line." 
That this is correct with respect to a right line, 
will doubt ; with respect to a cylinder it is not correct unless 
the line, along which the heavy points are arranged, is 
either the axis, or a line parallel to the axis, and limited by 
the vertical lines drawn through its two extremities. 

Now we may conceive the slices, into which the 
cylinder is divided, to be so thin that they contain in their 
thickness only a single particle of matter, and we may 
therefore suppose them to be circles consisting of a number 
of material points equally distributed throughout their area. 

The axiom assumes that each of these circles will pro*' 
duce the same effect by its weight as if the particles cod-' 
tained in it were collected at its centre. 

The reason assigned for the axiom is as follows : 

The weight of the whole body ia equal to the weightff 
L of all the particles composing the bodj' 

But the axiom goes beyond this, and assumes not: 
I merely what will be the magnitude of the resultant force, 
I which is equivalent to the united influence of the weighti 
lof all the particles composing the body, but also t€hen 
I ihat resultant will act. 

It is indeed obvious that the circle would balance round 
1 fulcrum placed at its centre, and therefore the weight; 
all the particles composing the circle, may be counteracted 
by a single force applied at the fulcrum, and must therefore 
be equivalent to a single force applied at the fulcrum ia 
I the opposite direction. 
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It if the single force which is equivalent to the sum 
of the weight may be assumed to be equal to the sum, it 
Would be just as correct and much shorter to apply the 
assumption to the cylinder itself. 

It may also be proved by cxporimeiit, that the result- 
ant of the weights of all the particles composing any body, 
is always equal to their sum. For if any body be sus- 
peoded by a string from a fixed point, the pressure upon 
that point will not be altered, however we change the shape 
of the body, provided we neither increase nor diminish the 
^uavdty of matter contained in the body. 

Thus, if a piece of lead be suspended from one end of 
a balance, it will require the same weight in the other scale 
to counterbalance it, however its shape may be altered. 

But if we suppose all the particles composing the body, 
to be situated in the vertical line passing through the point 
of suspension, the pressure upon that point will be equal 
to the sum of the weights, therefore it will be so in every 
other case. 

The following proof of the proposition seems to be 
"*e from the above-mentioned objection. 

I.EMMA. Let two equal weights P, P 
"*' at any two points A, B in the horizon- r 7^^ 1 
"alliTie AB. If a fulcrum be placed at C, ^ ^ 

I™ middle point of AB, P, P will balance each other, by 
Axiom 1, and the pressure on the fulcrum will = SJ* by 
Axiom 2. 

If therefore we remove the fulcrum, a force 2 P acting 
vertically upwards at C, will serve instead of a fulcrum, 
and balance P at A, and P at B. 

But it would also balance a weight 2/* acting at C, 
Therefore P at A, and P at B, can be balanced by the 
same force as 2 P at C, and must therefore produce the 
same effect as 2/* at C, the middle point between A and B. 



Let C be the centre of the cylin- 
r; draw DEC vertical. 

Let A he any particle in the cy- ( \ 



^ 



flinder, draw Af± DE, and product 
|it to B, making fB = Af. 

Then since the particles composing the cylinder 
[equally diffused throughout its volume, there will be at fl 
I another particle exactly equal to the particle at A, 

Thus the cylinder may be divided into a number of 

Kpairs of particles equidistant from DE, and by the Lemmi 

jflch pair of particles produces the same effect as if it were 

ioUected at the middle point between them, which poiafc 

rill always be situated in DE. 

Therefore the whole of the matter composing the cylin- 
I der will produce the same effect as if it were collected in 
1 the line DE. 

Therefore (Art. 8, Sect- IL) it will produi 
)fiect as if it were collected at C. 

Prop. 2. In most treatises on Mechanics we find thtf 
I converse of this proposition proved, viz. that if the weights 
. the arms, they will balance, and this theorem is< 
f added as a corollary. 

Hence the proof of this proposition, as it stands in the 
only two elementary treatises on Mechanics, now in use at 
this University, is scarcely as rigorous as it ought to be. 
The proof given in these books amounts simply to this : If 
f, Q be any two weights, they may be placed on a straight 
horizontal lever so as to balance, and when so placed they 
are inversely as the arms. It is true that as the cylinder 
AB may be of any length whatever, this proof includes aa 
infinite number of such cases of equilibrium, but no demon- 
stration is given that it includes the particular case which 
f is assumed in the enunciation, 
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In the proof given in the text we have followed the 
usual custom of supposing P to be the smaller of the two 
trdgfats. 

The reader will observe that there is a slight difference 
betwttD the enunciations of the propositions relating to the 
lever, and those relating to the other machines. In the prit- 
poaiijoas relating to the lever, it is reqin'ri'd to prove that, 
if PaaA Q balance, they are to each other in a certain pro- 
portioD; in the propositions relating to the other machines, 
it is required to prove that, if i* is to Q in a certain pro- 
portion, P and Q balance, 

Pitop. 1. In some treatises on meclmnics levers are 
divided into three kinds. 

(l) Those in which the fulcrum is between the weight 
and power, 

(S) Those in which the weight is between the power 
and the fulcrum, 

(3) Those in which the power is between the weight 
aid the fulcrum. 

It will be seen that the two last kinds of lever, are com- 
prehended in the second case that we have given. In fact, 
if We divide these levers, in which the weight and the power 
iteon the same side of the fulcrum, into two classes, we 
■night in the same way divide those levers, in which the 
height and power are on different sides of the fulcrum into 
'*o classes also, according as force is gained or lost by 
Dieaas of them. 

Numerous other examples of levers may be given. 

Thus a door moved upon its hinges is an example of 
a lever of the second kind, the force applied by the hand 
being the power, the hinge being the fulcrum, and the weight 
of the door being the resistance which is to be overcome. 

Bis weight may be supposed to be collected at its centre 
fcavity, {Prop, is) that is, at the centre of the door. 



hence, force is gained when the door is opened in llic usua 
way, and force is lost when it is opened by a force actiii( 
near the hinge. 

The rudders and masts of ships, and wheelbarrows, are 
levers of the second kind in which force is gained, and a pair 
of tonga is a double lever of the second kind in which force 
is lost. When a ladder is raised against a wall, the end 
which it rests acts as a fulcrum, and it is therefore a lever of 
the second kind, force is gained so long as the hands that 
raise it are more distant from the fulcrum than the centMt 
of gravity (that is the centre) of the ladder, and force i| 
lost when they are nearer. 

When the arms of a lever form an angle with each, 

other, the lever is said to be an angular lever. When a 

. hammer is used for drawing a nail it is a lever of this kind;, 

■the force applied by the hand is the power, the claw is chi 

■idiorter arm, and the resistance of the nail is the weight. 

Fnop. 6. The formula P . CM = Q . CN comprises all 
Khe different cases of equilibrium on the lever, if we sup.^ 
mse CM, CN to be in all cases the perpendiculars let fall 
from C upon the directions of the forces P and Q. 

This will be found to be by far the most coavenieot 
fformula for working examples ; and we may state the re- 
■;8ults proved in Props. 2, 3, 5 and 6, under the following 
Rgeneral form. 

If two forces P and Q balance on a lever, round a 
[fulcrum C, 

P.CM = Q.CN, 

md conversely if P . CM = Q . CN, P and Q will balance 
Round the fulcrum placed at C. 

P . CM and Q . CN are called the moments of P and Q, 
»e may increase P. CM by increasing either P, or CM, 
ind we may decrease P. CM by decreasing either P, or 



; but, since Q •= 



, if CN remain unchanged, Q 



CN 

will be increased or diminished in the same proportion as 
P.CJf is increased or diminished. 

Hence the force f^i w'hich P is capable of counteracting, 
varies as the moment of P ; that is, the effort exerted by P 
to lurn the lever round varies as the moment of P. 

This is what is meant by a technical expression which 
is sometimes made use of, viz. that the moment of any 
force P, is a measure of the effort which it exerts to turn 
Ihe lever round. 

The property of the lever which we have proved for 
two forces is also true for any number of forces, and in its 
mwt general form may be enunciated as follows : 

Piiop. A. If any number offoTcea P, P', S[C. Q, Q', ^c. 
at&ng upon the arms of any lever, to lurn it in opposite 
mys, be such that, 

P. CM +P'.CM' + ,.. = Q.CN + Q'.CN+ ..., 
there will be equilibrium, and conversely, if there is equi- 
iiiriKm, P.CM + P'.CM'+ ... = Q .CN + Q' . CN + ... 

The proposition may be 
proved in the following manner. 

Through C draw ACB^^ 
Dorizontal. Lot pressures a 
Mt at A, perpendicularly to 
^CB, tending to turn the lever 
round in the same direction as T 
P,P, &c., and let them be 1" 
such that, 

iii.CA = Q.CN, w' . CA = Q' . CN', &c. 
and let pressures y, y act at B perpendicularly to ACB, 
lending to turn the lever round in the same direction as 

Q'j &c., and let them be such that, 

y.CB^P. CM, y .CB=P' . CM", &c. ; 




II 



= P.CM + P'.CM' +& 



.v ... will balance Q, Q' ..., and the pres- 
iil balance P, P... 



.: w.CJ + -r'-CA + ... 
y.CB + y'.CB + ... 

[the prcssui 
■iBures y, y 

If therefore, 

x.CA -{-a!' .CA+ ...=y .CB + y' .CB + &c., 
I and X, x ... will balance y, y ... ; 

.-. P, P ... will balance Q, Q' ... 
Again, if P, P' ... balance Q, Q'..., 

m, x ... will balance y, y ..., 

and a; . C^ + .t' . C-J + ... =y .CB + y .CB -i^ ... ; 

,-. P.CjM"+P'.CA/'+ ... = Q.CiV + y'.CJV+ ... 

The theorem which we have just proved might naturally 
B inferred from the consideration that, the moments of th6 
forces are measures of the eflbrts which those forces 
to turn the lever round ; if, therefore, the sums of the 
moments are equal, the efforts which the forces exert to tura 
the lever round in different directions will be equal alsO) 
and there will therefore be equilibrium. 

Again, if there is equilibrium, the efforts which thi 
forces exert to turn the lever round in different directioiu 
must be equal ; and therefore the sums of the momenU 
must also he equal. 

The proportion which we have proved in the abov< 
propositions, is that which exists when there is equilibrium; 
if either P or Q be at all greater than is necessary ttf 
counteract the other, it will move the lever round in its 
own direction. 

The same thing will occur in any of the other machines. 
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Pbop. 7- A very natural objection to the truth of this 
proposition will suggest itself to the mind of the reader. 
W"hy, it may be asked, does a balance loaded with equal 
weights rest only in a horizontal position ? To this objec- 
tion we answer, that in this proposition the lever is supposed 
be a mathematical line without weight, whereas the beam 
s possesses both extension and weight, and does 
' not, therefore, come under the case proved in this propo- 
[ sition. (Vid. note upon Prop, 23), 



EXAMPLES ON THE LEVEE. 

1. One of the arms of a lever is 8 feet 6 inches in 

length ; at the end of it a weight of 3qrs, is suspended ; a 

'^ight of 3qrs. ISlbs. suspended at the end of the other 

arm preserves equilibrium. Find the length of the other 

arm. 



Let or = the length of the other a 
84 lbs. and 102 lbs. 



n, the weights are 



Therefore by the formula P. CM = Q.CN, 
102 X ,r = 84. X 8^ feet, 



= 7M feet; 



= 7 feet. 



2, A lever 4 feet in length rests with one end on a 
fulcrum, a weight of SOlbs. is suspended at a distance of 
'^ feet from the fulcrum, what force acting perpendicu- 
larly at the other end will preserve equilibrium. 
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3. A lever AB supported on props at A and 5, is 
divided in C so that ^C : Cfi :: 5 : 2 ; a half hundred- 
weight is suspended at C, find the portion supported by 
each prop. 

The case will be the same as if two forces acted per- 
pendicularly at A and B round a fulcrum placed at C, the 
pressure on the fulcrum being equal to a half hundred- 
weight. 

Let w = force exerted at A ; .*. 56 - ^ = force exerted 
at B, (Prop. 2), 

and X.AC ^ (56 - x) CB ; 
or, *^.^ = 50 -cr; 

hut AC : CB :: 5 : 2; •- 77^ = - ; 

CB 2 

hence <r x ^ = 56 - ^, 

5a? = 112 - 2tr, 
7x = 112, 
Of = 16 lbs. = weight supported at Ay 
and 56 - iV = 40 lbs. = weight supported at B. 

Note. — In the following Examples the forces are sup- 
posed to act perpendicularly on the lever, unless the contrary 
be asserted. 

4. At the ends of a lever 6 feet in length are sus- 
pended two weights which are to each other as 5 : 2, 
where must the fulcrum be placed in order to preserve 
equilibrium. 

Let w = the length of one arm ; .*. 6 - ^ = the length 
of the other, 

by Prop. 2, ci? : 6 - 0? :: 5 : 2; /. 2a? =s SO — 5«r; 
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30 2 , ^ ^ 30 5 
,\ 7a? = 30 ; .'. a? = — = 4 - , and 0-a? = 6 =1-. 

7 7 7 7 

Therefore the fulcrum must be placed at a distance of 
4^ feet from the smaller weight, and of 1^ feet from the 
larger. 

5. The arms of a lever are as 2 to 3, the pressure on 
the fulcrum is 4lbs. Find the weights, the lever being 
one of the second class. 

Let jff = the smaller weight ; therefore, by Prop. 3, 
,1' + 4 = the larger weight, and a? : ct? + 4 :: 2 : 3. 

Hence 3ir = 2.r + 8 ; .*. a? = 8 ; 

therefore the weights are 8 and 12 lbs. 

6. A capstan bar has six spokes, of which two are 
^ feet long, and four 3 feet long, at the extremities of each 
of these spokes, a force of ^cwt. acts perpendicularly to 
turn the lever round in the same direction : a force acting 
perpendicularly at the end of a spoke 32 feet long pre- 
serves equilibrium. What must be the magnitude of the 
force ? 

Let w = the force, 
Then 32 x cV = (4 + 4 + 3 + 3 + 3 + 3) ^cwt. by Prop. A. 
= 20 . X Icwt. = 10 cwt. = 1 120 lbs. 
.•. w ^ 35 lbs. 

7. Given the apparent weights in a balance of which 
the arms are unequal, to find the true weight. 

Let a, b be the apparent weights, iV the true weight, 
w, n the lengths of the arms. 
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Now X, acting at an arm m balances a, acting at an arm n, 
and ■£ acting at an arm n balances b, acting at an arm m. 
.: mx = an, n.v = bm; 

.-. mnsii^ = abmn, x' = ab, and .v = \/ab. 

8. The arms of a balance being equal, but one Bcale 
)aded, find the true weight from the apparent weights. 

Let U) = the weigbt with wbich the false scale is 
mded, and let a, b be the apparent weights, ai the true 
^eight. 

Then when the body is put into the loaded stale. 



■when it is put into the other scale, 



9. The arms of a lever are three and four feet, and 
weight of 6' lb*, is suspynded at the end of the longer arm. 
What weight must be suspended at the end of the other 
arm to preserve equilibrium ? 

10. At a distance of two feet from the fulcrum of 
lever is suspended a weight of 12 lbs. Where must 
weight of 8 lbs. be suspended in order to preserve equi- 
librium ? 

11. The arms of a lever are as 5 : 6. The pressui 
on the fulcrum is 1 1 lbs., the lever being of the first kind, 
Find the weights, when there is equilibrium. 




13. If the lever were of the second kind, what woull 
the weights be ? 

The length of a lever of the first kind is 12 feet, 
and the weights are 2 and 4lba. What must be the 
lengths of the arms in order that there may be equilibrium. 

14. What would be the lengths of the arms, if the 
lever were of the second kind ? 

15. In a lever of the second kind the arms are as 
5 : 4; a weight of 30 lbs. is suspended at the end of the 
longer arm. What power must be applied at the end of 
the other arm to preserve etjuilibrium, and what will be the 
pressure on the fulcrum ? 

16. If the weights are as 6 : 4, and the whole length 
of the lever is g feet ; what will be the length of the 
shorter arm ? 

17- A straight horizontal lever rests with one end on 
a prop ; at a distance of S feet from the prop, a weight is 
suspended, and a force acting perpendicularly on the lever 
at a distance of 6 feet from the prop, preserves equili- 
brium. If the prop sustains a pressure of 4 lbs,, what 
will be the weight supported, and the magnitude of the 
force which counterbalances it ? 

18. Two forces which are to each other as 3 : S, act 
perpendicularly on a lever of the second kind, at a distance 
of a foot from each other. Find the length of the arms 
when there is equilibrium. 

19. Two men of the same height bear a weight hung 
ou a pole which rests on their shoulders. Where mubt the 
weight be placed in order that one may support twice as 
much of the load as the other? 



I II, 

k 
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20. The arms of a bent lever are inclined at the san 
iigte to a liurizontal line passing through the fulcrui 
The arms are to each other as 3 : 2, and a weight of 2*lbi 
I suspended at the end of the longer arm ; what 

i must be suspended at the end of the other arm to preser* 
I equilibrium? 

21. In a false balance, whose arms are unequal, tb 

■ apparent weights are 4, and 9 pounds. Find the tru 

eight. 

22. A horizontal lever, 12 feet in length, rests wil 
L one end on a prop ; at distances of 4 and 6 feet from tj 
I prop are suspended weights of SO, and S2 lbs. ; a force 
I S cwt. acts perpendicularly upwards on the lever at tl 
f distance of a foot from the other end. What force will 1 
' required at that end to preserve equilibrium ? 

23. If the weights I, g, 3 lbs., be suspended at t^ 
L distances of 6, ]2, and IS inches from the fulcrum on □( 
I arm of a straigjit lever, and 2, 3, ■tlbs. be placed at tl 
Edistances of 4, lOj 12 inches from the fulcrum on the othfl 

■ arm ; find where a weight of i lb. must be placed in ord( 
I to preserve equilibrium. 

Proi". 8. In order to understand this proposition, it 
L necessary to have a clear conception of the following step, 

If a force act upon a lever, and the line of the force 
action pass through the fulcrum, we may suppose the fori 
(to be applied immediately at the fulcrum. The tendencv 
of the force, therefore, will be to move the fulcrum ; ai 
since the fulcrum is supposed to be a fi.'ied point capable 
counteracting any pressure that may be applied to it, tl 
tendency will be entirely counteracted by the resistance 
the fulcrum, and the lever will remain at rest. But if 
line of the force's ncliim does nut pass through the fj 




the resistance of the fulcrum will not counteract the force, 
and it will move the lever round the fulcrum. 

In the proof of this proposition it is shewn that the 
Jine of action of the resultant must pass through D; now 
A force in the direction either of AD or DJ, would satisfy 
tbis condition ; but it is obvious that the resultant of JB, 
AC cannot act in the direction 2>J, and therefore it must 
act in the direction AD. 

This theorem is usually called " The Parallelogram of 
Forces," and admits of a rigorous analytical proof, inde- 
pendent of the property of the lever. Most writers make 
this the fundamental proposition of Statics, and deduce the 
property of the lever from it; but their demonstrations of 
this proposition require the aid^of mathematical reasoning 
of a higher kind than can be expected from an ordinary 
reader. 

On this point the student may consult Pratt's Me- 
chanics, Earnshaw's Statics, or Lagrange's Mechanique 
Analjtique. 

If two forces act in the same right line, it is clear that 
their resultant will be the sum of the forces when they act 
m the same direction, and the dilFerence of the forces when 
they act in opposite directions. Thus if two forces of 6, 
and Bibs, act in the same right line, their resultant will be 
» force of 14 lbs. when they act in the same direction, and 
of Slbs, when they act in opposite directions. It is obvious 
slfO that in the latter case, the resultant will always act in 
tile direction of the larger force. 

CoR. From this proposition it follows that, if any 
force be represented in magnitude and direction by a right 
Ihe, and a patallclogram be formed of which this line is the 
diagonal; the two forces represented in magnitude and 
direction by the adjacent sides of the parallelogram will be 
together equivalent to the original force. 
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It is necessary that tlie reader should clearly utideK 

stand which of the diagonals of a parallelogram will represeU 
the resultant of the two forces represented by the adjaceni 
Gides. 



The resultant of AH and JCA 
or AB and BD,] 

of AB and CJA 
or AB and DB,] 

of BA and CAA 
or BA and J}B,i 

of BA and JCA 
or B^and BD,\ 



sAD; 



is BC. 



The reader must not confound the direction of a fon 
with its line of action. The diagonals represent the resul 
ants in magnitude and direction, and not necessarily in li' 
of action. 

Prop. 9. From this proposition we see that, if thre 
forces can keep a point at rest, they may be represented I 
the sides of some triangle, hence if there are three force 
such, that the lines representing them cannot form a tri 
angle, they cannot keep a point at rest. Thus force 
represented by 3, S, and 20, could not keep a point at rest 
for since any two sides of a triangle must be greater tha 
the third side ; the lines representing these forces coul 
not form a triangle. If, however, the sum of two of 1 
forces were equal to the third, the first two forces woul 
balance the third force, and keep the point at rest, provide 
we suppose the three forces to act in the same straight lini 
the third force acting in a direction opposite to that of tl 
other two. 

If the reader will examine Euclid i. 22, he will &i 
that this is the limiting case of the problem, and answei 



to the construction which occun 
instead of cutting eacii other. 



when the two circles touci 



EXAMPLES. 

I. Two forces of Slbe. each act on a point at right 
a«S^les to each other. Find the magnitude and direction of 
th^ir resultant. 

Let JB, AC represent the forces. Com- 
plete the parallelogram, and draw the diagonal 



AD will represent the resultant, 
a««i JZ>' = AC + CD* (since z C= right angle by Cor. i. 46) 
= AC + AB' (1. 34) = 64 + 64 = 128 ; 

hich determines the magnitude 



Z CDA = I DAC, 
, each of the angles ODA, 






.-. AD = v/Tsi - 8 \/2 ^ 
of the resultant. 

Again CD=JB = AC; ■■ 

and C = right angle, . 

DJC = i a right angle, (i. 32.) 

Therefore DAC = ^ a right angle, which determines the 
erection of the resultant. 

It is manifest that the direction of the resultant bisects 
'he angle BAC, from the consideration that the component 
forces are equal, and that the resultant therefore must be 
equally inclined to each of them. 

2. Shew that if the components are re- B| — .D 

presented by 3 and 4, and the resultant by 5, \^y^ 
[he components act at right angles to each '^ '^ 
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Complete the parallelogram as before; and join ^ 
Then AB = 3, AC '^ 4, and AD = 5, 
also, DC = AB =3. 

AC + DC = 4= + 3^ = 16 + 9 = 25 = 5=, 

= AD\ 
■; (i. 48) the z C = right angle, hence by Cor. i. 46, 

I i BAC = right angle, or the components act at right angled 
(to each other. 

3. The component forces act at riglit angles to eacb^ 
E other, one of them being 15 lbs. If the resultant force I 
I S5 lbs., what will be the magnitude of the other compi 

The same construction being made as in the las 
I example, 

AD'' =AC + CD' = AS" + AC\ 



. AC^^AD'-AB': 



= 625 - 225 = 



.-. AC = 20, or the magnitude of the other c 
[ will be 20 lbs. 



4. Find a point in any triangle such A 

I that if 3 right lines be drawn from it to rf/VN? 
I the angular points of the triangle, the forces u^^ ^v^ 
I represented by the three right lines will keep ■"^^■^i,'-' 
I tbe point at rest. 

Let o be the point required, join oA, oB, oC. 
counteracts oB, oC, and must therefore be equal am 
I opposite to their resultant. 

Hence, if in Ao produced we take ofl = oA, off « 
^be the resultant of oB,oC. 

Therefore if we join Bff, HC, oBHC will be ; 
I rallelogram ; 

produce Bo, Co to meet AC, AB, in e and d. 






? ws lisvrz AM^ ^C h ^ buc 4l hut imr Cc 

■ 

^«; o, die pcmc if -jsassmsssoML nf Cc. 2<. v:iL ss ^if 
poiDC 



the nine AreecaQL Wiae -p^SL ~2K: -:5Der naimiiiiDf 
directioD of die feszji 



6. Wliat viU be I3ie na^^ncniiie sxc rzr^racci cf ^»e 
resultant, vheo tlie Ibraa acs 3l cppKXe ^ 



7. Can tliree ioree^ repracsxed in magnhnde by Q, o, 
4, keep a point at rest ? 

8. Can three forees of 9, 61, and 1 lb. keep a point 
at rest ? 

9. Two forces erf 9 and 12 Ibs^ act at right ang^€s to 
each other. Find the magnitode ci their resultant* 

10. Two forces of 21 lbs. and 28 lbs. have a resultant 
of 35 lbs. Shew that the two component forces act at 
right angles to each other. 

11. Two forces, which act at right angles to eacli 
other, have a resultant of l^lb. One of the compontMit 
forces is 1 lb. Find the magnitude of the other. 

12. In pulling a weight along the ground l>y n i't>|H» 
inclined to the horizon at half a right angle, I exori^d " 
power of 40 lbs. Required the force witli which I clril( 
the body horizontally. 
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Pkop. 10. If we wish to raise a weight by means of a 
lever, the fulcrum must be placed a little above that end of 
the lever on which the weight rests. The lever is then 
turned round the fulcrum until the end at which the power 
is applied is a little lower than the other end. If we wish 
to raise the weight still higher, we must support the weight 
iDtil the fulcrum is again raised above it, when the machiae 
an be put into operation again. 

The wheel and a\le, as we have shewn already, is 
merely another farm of the lever, but it possesses one great 
advantage over the common form of the lever, viz. that its 
BCtioQ is continuous. As long as we turn the wheel round 
the string will continue to coil itself round the axle, and 
the weight will rise. 

A contrivance called a ratchet wheel is 
often annexed to this machine, by r 
which the wheel is rendered capable of mov- 
ing round only in one direction, so that if 
we remove the power, the rope will not 
uncoil itself, and the weight therefore will 
remain fixed. 

In the forms of the wheel and axle, 
which are in common use, a power acting by 
means of a spoke, generally supplies the 
place of the smaller weight. 

One of the commonest forms of this mi 
contrivance used for drawing water from a well ; in this 
contrivance, which is generally called the windlass, instead 
of the whole circumference of the wheel, we have merely a 
single spoke of it, which is furnished with a handle, and 
I called a winch. 

The treadmill furnishes us with another instance of the 
wheel and axle, in which the wheel is turned by the weight 
of men placed at is circumference, who ascend as fast as 
the wheel revolves, so as to maintain their position con- 
tinually at the extremity of the I ' 



I the axle, and 



the 
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Pkop. 12, The most advantageous and perfect form of 
this kind of pulley, is that which, after the name of its 
inventor, is called White's Pulley. 

In the common form of this kind of pulley, the wheels 
revolve with difFL-rent degrees of velocity, so that the friction 
and wear of the different pulleys is unequal. This defect 
Mr White remedied hy making the wheels of different 
magnitudes, such that they all revolve in the same time. 

In addition to this alteration, instead 
of using a number of different wheels, 
he cnt a number of circular grooves upon 
the same solid wheel, and thus instead of 
the multiplied friction of several distinct 
axles and blocks, there is in White's 
Pulley only the friction of a single axle, 
and a single block. 

This pulley would be exceedingly use- 
ful, if it could be constructed with perfect 
accuracy ; but great difficulty is found in 
giving to the grooves the true propor- 
tion ; and hence the cord slides in the 
grooves, and other inconveniences arise which greatly cir- 
cumscribe its practical utility. 

Peop. 14. The property of the inclined plane has 
been proved independently by Stevin. 

The substance of the proof is as followa, 

If we suppose a uniform and perfectly 

flexible endless rope or chain to be passed ^^1 

round the inclined plane ABC, so that ^^;^ p 

the upper part rests on the plane, and the A^i£_ \q 

lower part hangs in a festoon ADC; — the X,_ p ...-■■ 
chain will remain at rest. Now the two por- 

ns AD^ DC of the festoon must needs be exactly similar. 




\ 



r-aod exert tensions in opposite directiona; therefore iiiey 
in equilibrio of themselves ; 

.-. the parts AB, BC must counteract each other, 

\ and P : W :: weight of part BC : weight of part AB, 

:: BC ■■ AB, since the chain ia uniform. 

This proof will he found given at full length in the 
Eintroductory chapter of Lagrange's Mechanique Analytiquei 

Thisproof, which is one of the simplest and most ingenioui 

■ 'to be found in the whole range of Mathematics, would bt 

■ perfect but for the assumption that the chain will necesi 
laarily remain at rest. It is true that if the chain once 

jgins to move, the motion will continue for ever, because 
I the chain will always retain the same form, and that i 
I perpetual motion is contrary to all our received ideas. But 
I the cessation of motion that we constantly observe in all 
I things around us, is attributable to forces of resistance^ 
I Buch as friction, the resistance of the air, &c. Without 
I these forces of resistance a pendulum once put into motion, 
J would oscillate for ever, and as in the case of the chain aU 
I such forces are neglected, it may be questioned wbethei 
I the assumption that the chain will rest, instead of movin| 

■ found the plane for ever, be bo clear and self-evideni 

i to afford no ground of objection to a captious readerJ 



The proportions which have been proved above arc 
)se which exist when there is equilibrium. 

In theory, if either P or Q be at alt greater than it 
I necessary to keep the other in equilibrio, it will move tha 
[ machine round in its own direction. In practice, howeverj 
f we find that either the power or the weight Js susceptibj 



certain amount of increase or diminution nithout 
afiecting the equilibrium. 

For instance, if we form an inclined plane so that, theo- 
retically, a weight of 20lbs. will be balanced by a power of 
4lbs. ; the equilibrium will not be disturbed, although we 
add a few pounds to the weight, or take a few ounces from 
the power. This increase or diminution however must 
not exceed certain limits ; which are different according 
to the form of the body, and the nature of the substances 
employed. 

This resistance to motion, is supposed to be caused by 
the inequalities of the surfaces which are in contact, and is 
called friction. 

The effect produced by the friction of two surfaces in 
contact, is very nearly analogous to the resistance to motion 
which is off'ered by the hairs of two brushes placed one 
upon the other. 

Friction is diminished by making the surfaces in con- 
tact smoother, whether this be done by polishing the 
surfaces, or greasing them ; if however the surfaces receive 
more than a certain degree of poUeh, they will stick toge- 
ther or cohere, and the resistance to motion will be increased. 
For instance, when two pieces of highly polished plate glass 
are placed in contact, they sometimes stick together so 
closely, owing to the force of cohesion, that they cannot be 
separated without a fracture. 



ON COMBINATIONS OF MACHINES. 



We have already stated the disadvantages of the lever 
as a contrivance for raising bodies, nor is the wheel and 
t its own peculiar defects. 




For the mechanical advantage of this, as well as of all 
other machines, consists in our being able by means of it 
to counteract a large force by means of a small one, and 
may be measured by the ratio of W : P, that is, by the 



fraction -— • 



la the wheel and axle 



W radius of wheel 



-, the me- 

j radius ot axle 

chanical advantage may therefore be increased, either by 
diminishing the radius of the axle, or by increasing that 

of the wheel. 

In practice, however, we cannot diminish the thickness 
I of the axle, beyond a certain limit, for if we do so, it will 
} not be strong enough to support the pressure upon it, and 
vill break. 

Neither can we increase the size of the wheel beyond a 
certain limit, for if we do bo, the machine will occupy so 
great a space, and he so inconvenient to turn round, that 
it will be utterly useless, as the reader will see, if he con- 
sider the common windlass for raising water from a well. 

If therefore we wish to raise a large weight by means 
of a small power, we must have recourse to some comhina- 
tion of the different mechanical powers. In all such 
combinations the pressure exerted by one machine, instead 
of supporting a weight, acts as a power upon the next 
machine, and the mechanical advantage of the compound 
machine may obviously be found by multiplying together 
the mechanical advantages of all the simple machines 
which compose it. If we disregard the friction, any power 
which is at all greater than that which would produce 
equilibrium, will put the machine into motion ; if friction 
be taken into account, the power must be sufficient to 
overcome the friction as well as to balance the weight. 




On a wheel and axle, a power of lOoz. balnnct 
weight of lOlbs. Find the ratio of the radii. 



radius of axle : radius of wheel 



power ; weight, 
lOoz. : lOlhs. 

; 10 : 160, 

: 1 : 16. 



2. If the radiu!< of the axle he S inches, and that of 
the wheel 3 feet, what power will be required to support a 

weight of 48lbB, ? 

The power : 48lb3. :: 3 inches : a feet, 

3 : 24; 

.■. the power = lbs. = filba. 



3. In a system of puUies where the same string 
passes round each pulley, 

P : W :: 1:8. 

Find the number of puUies. 

P : W :: 1 : the number of strings at the lower block ; 

therefore there must be eight strings at the lower block, 
and there will be 4 pullies. 




In a similar system of pullies, there are 3 pullies 
at the lower block, and the end of the string is fastened to 
e lower block. 



Find the rsdo of the power to the wcdgfat. 

Id this case there will be ooe more striDg 
at the lower block than 2 x the number of pul- 
lies at the lower block ; 




5. In a system of pullies where each pulley hangs by 
8 separate string, the number of pulli^ is 5. What 
wdght will a power of 5 lbs. support ? 

P : W :: I : 9 raised to that power whose index is 
the number of moveable puUies, 
:: 1 ; 2^, 
.-. W= 2= X P = 32 X 5 lbs. = 160 lbs. 

6. In a similar system of pullies P : IP" :; l : 64, 
Find the number of moveable pullies. 

Here 64 = 2 raised to that power whose index is the 
number of moveable pullies. 

= 2^, 



.-. the number c 



>veable pullies i; 



7- Id an inclined plane the height is 4 feet, and the 
length is 48 feet. What power is required to balance a 
weight of 3 cwt, ? 

Since P : W :: height of plane : length of plane, 

P : 3 cwt. :: 4 feet : 48 feet; 

= J- cwt. = 28 lbs. 



8. In a combination of three levers the 
3 : 2, 5 : 9, and 7 : !• 



rms are as 



Find the mechanical advantage of the combination. 
The mechanical advantages of the separate levers ar 



the mechanical advantage of the combination 



9. If two weights P and IV support 
each other on a double inclined plane 
JCB, find the ratio between F and W. 

Draw CD ± AB. 

Since there is equilibrium the tension of the string is 
the same throughout, therefore P would be sustained by 
the same weight on the single inclined plane ACD, that 
would sustain IF on the single inclined plane BCD, Let 
this weight be JT'^. 

AC 
" CD" 

W CD 

ir : W :: CD : CB or —^^^^^ 

W CB 

■ ■ W'"^ W~ CD* CB' ■ ■ W~ CB^ 

.'. P : W :: AC : CB, or the weights are proportional 
to the sides of the plane, 

10. In a combination of the wheel and axle, with the 
first system of puUies, the radius of the wheel is six 
times as great as that of the axle, and there are 5 pullies 
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Slower block. What weight will a power of ; 
;upport ? 

P I I 

and W= 160 lbs. 

11. In a Gombiaation of the wheel and axle, thi 
>Dd system of pullies, and the inclined plane, height 
lane : its length -.i 3 : 7, there are 4 moveable pullies, aoA 
radius of axle : radius of wheel :: 7 : 20. What power 
will be required to support a weight of 640 lbs. ? 



"ph 



Here 



ty 



2* 



90 . 7 . l6 390 

tTs S 

SW = 320. P; 

3. W 3.fl40 

or, P = = lbs. = o lbs. 

.■iSO 320 

12. What force will he required to support a weight 
r 960 lbs. on the wheel and axle, if the ratio of the radii 

8:1? 

13. Under the same circumstances, what weight will a 
P power of 6 lbs. support ? 

14. If a power of 35 lbs. support a weight of 3 qrs. 
;i a wheel and axle, and the radius of the axle he 5 inches 

; what must be the radius of the wheel.'' 

15. In a system of pullies of the first kind, there ai 
E? puUiea at the lower block. What weight will a powc 

' 2 lbs. support .* 



16. In It girailar system, the number of puUies is 6. 
What power will support a weight of 3 cwt. ? 

17. If one end of the string be fastened to the lowev 
block, and a power of 6 lbs. supports a weight of 42 lbs. 
what is the number of piillies at the lower block ? 

18. In the second system of pullies, if the number of 
pullies be 7, what weight will a power of 3 lbs. support ? 

19. If the number of moveable pullies be 5, what 
power is required to sustain a weight of 2 cwt. ? 

20. If a power of 14 lbs. supports a weight of 8 cwt., 
what is the number of moveable pullies.'' 

21. A weight of 5 lbs. is supported on an inclined 
plane by a power of 3 lbs. The height of the plane is 
6 inches. Find its length. 

What will be the pressure upon the plane ? 

22. The height of an inclined plane is to its length as 
13 : SI. What power will be required to support a weight 
of 1 cwt. .'' 

23. Under the same circumstances, what weight will a 
power of 1 cwt. support ? 

24. In a combination of a wheel and a\le and an 
inclined plane, radius of axle : radius of wheel :: I : 7 and 
height of plane : its length :: 14 : 36. What power will 
support a weight of 3 cwt. ? 

35. In a combination of 4 levers, the ratios of the 
artus are 5 : 1^, 7 : 2, 11 : 3, and 5-i : 7. What weight will 
a power of 5 lbs. support ? 

26. Two weights of 6 and 7 lbs. support each other 
on a double inclined plane. If one of the sides be 3 feet, 
what will be the length of the other side ? 
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27. Id a combination of two wheels and axles, ixid a 
system of pullies of the second kind, the number of 

pullies is 3, the radii of the wheels are ,'S and 2 feet, and 
those of the axles 5 and 6 inches. Find the mt-chanical 
advantage of the combination. 

One great source of imperfection in all systems of pul- 
lies is the friction, in addition to which, it must be 
recollected, that in the formulae which we have proved in 
Props, 12 and 13, the weights of the pullies themselves 
have not been taken into account. 

In both the systems of pullies which are described in 
the text, the weights of the puUiea act in opposition to the 
power, and thus diminish the efficacy of the machines. It 
is however, possible to construct a system of puUiea so that 
the weights of the pullies themselves shall act in opposition 
to the resistance that is to be overcome, and thus increase 
the efficacy of the machine- The mechanical advantages of 
all such combinations may be calculated upon the same 
general principles as we have employed in Props. 12 and IS. 

We now proceed to describe a peculiarly simple and 
effective machine, called the differential axle, the inventiod 
of which is generally ascribed to Mr Eckhardt, although, 
like many other modern discoveries, it appears to have beeq 
known to the Chinese from an early period. 

In the combination represented by the annexed figure^ 
the weight is fastened to a pulley, the strings of which are 
coiled round two axles of unequal radii, and tend to turn 
the machine round in different directions. ^ 

The axles are firmly fixed to each other, T 
and have a common axis. As the ten- '~^ 
sions of the two strings are equal (Prop, 
XI.), that which is attached to the larger 
axle would, under these circumstances 

preponderate, and turn the machine round in its owq 
direction ; equilibrium is therefore preserved by a power, 



™ 
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sets by means of a winch, and tends tu tui-u the 
iBcbine round in the opposite direction. 

Let r, r be the radii of the axle, R the length of the 
winch, P the power, and W the weight. 



Hence, if P act perpendicularly on the winch, 

P.R + — r'=—r, .: P.R = -^(r-r'); 

2 9 2 ^ ^ 

, W 2B 

The mechanical advantage, therefore, of this machine) 
may be increased to any extent, by diminishing r — r, that 
is, by making the radii of the axles more nearly equal, 
without increasing the leverage of the power so as to make 
the machine unwieldy, or diminishing the thickness of the 
axles, so as to render them too weak to support the 
weight. Almost the only disadvantage attending this machine 
is, that a very great length of cord is required to raise the 
weight through a comparatively small height. 

The principle proved in the fifteenth and sixteenth 
propositions may be more briefly stated as follows. 

If P and IV balance on any one of the simple machines, 
and the whole be put into motion, 

P P's velocity in the direction of its action 
W W'a velocity in the direction of its action 

W always acts vertically, and in both systems of 
pullies, and the wheel and axle, ir, if it moves at all, 
moves vertically, that is, in the direction of its action 
,ts velocity in the direction of its action will be %\ 
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■ same as its actual velocity. But in the inclined plane, the 
weight, if it move at all, must move, not in the direction 
of its action, that is, vertically, but along the plane, 
direction of the power. Hence, its velocity in the direc- 
tion of gravity will not be the same as its actual velocity, 
and the theorem, as stated in the case of the pullies andl 
the wheel and axle, will not be true for the inclined plane. 

It will be seen that the theorem as we have stated it, 
is applicable to the inclined plane as well as the other 
machines. 

In the case of any combination of machines, the ratio 
of the power's velocity in the direction of its action to the 
weight's velocity in the direction of its action ; may be 
found by multiplying the ratios which obtain in each of 
the simple machines of which the compound machine 
composed. 

Now the ratio of the power to the weight in the co 
pound machine may also be found by multiplying the 
ratios which obtain in each of the simple machines, ami 
, since 



i 



ich of thes 



Fs velocity, &c. &c. 
W^s velocity, &c. &c. ' 



Bthe compounded ratios will also be equal. 

In all combinations of machines therefore, 

: W :: f s velocity in the direction of its action : W^»- 
velocity in the direction of its action. 

This principle is called the principle of virtual veto- 
deities, and is made the fundamental proposition of Statics 
' by Lagrange, and some other writers, who enunciate 
the principle under a form far more general than we have 
given above, and furnish us with a complex but rigorous 
I analytical demonstration, 
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Although the principle is not applied to the lever 
the schedule, it is applicable to the lever as well as to the 
other machines, as might naturally be expected from the 
consideration that the lever and the wheel and axle are 
merely different forms of the same machine, and therefore 
that any general principle that applies to the one form, 
vrill be equally applicable to the other. 

We proceed to prove this proposition as applied to the 
straight lever, when the forces act perpendicularly upon it, 
and the reader will see that the proof is substantially the 
same as that given in Prop. 20. 

If P and W acting perpendicularly on a straight lever 
balance, and the system be put into motion, 

P X PV velocity = W x W's velocity. 

Let the original position of the „, 
lever be MN, and let it be turned 
round into the position M'N'-^ M, N M 
will evidently describe circular arcs 
round the centre C, and since the strings 
AfP, NW always remain vertical, P 
and W will describe arcs similar and 
equal to MM' NN". 

Now the angles M'CM, NCN', subtended by MM' 
NN" at the centre C are equal, {v, 15,) 

Therefore by the Lemma of Prop. xv. 
MM" : NN' :: CM : CN. 



s originally equilibrium, 



But P-. Wr. CN: CJ/, since thet 
AW' : MM', 
WW : PP', 
:: space described by P : space described by W 

in the same time, 
:: velocity of W : velocity of P, 
or P. P's velocity = W. W's velocity. 
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The principle of virtual velocities as applied to machint 
is often stated under the following form. 

What is gained in power, is lost in time. 
This does iiot mean that the space described hy the • 
weight is really described in a longer time than that described 
by the power. These spaces are necessarily described in 
the same time. But it takes a longer time to move the 
weight through any given space, than it would take to 
move the power through the same space, and the times rt 
quired to move the weight and power through this space bea 
to each other the same ratio that the weight and power do. 
In proportion therefore as we gain in power, (that is, in' 
proportion as the power required to support tlie weight id 
less than the weight,) in the same proportion (the time 
required to move the weight through any given space, 
greater than the time required to move the power through 
the same space, and therefore) we gain in time. 

A more obvious statement of this principle would be. 
What is gained in power is lost in velocity. 
In the theoretical view which we have just taken of the 
matter, it is supposed tliat the power, which balances the 
Vweight, is sufficient to move it; in practice however a con- 

wderably greater force than this is required to put 

rtnachine into motion, owing to the resistance of the air, and 

jof friction, so that in reality we do not gain so much in 

lower as we lose in time. In fact, the total amount of 

norce expended in moving a body through a given space 1: 

reater when we use a machine, than it would be if we 

»uld apply a sufficient amount of force immediately. 

What then, it may be asked,- do we gain by the use of 
**Dacbines? To this we answer, that 

(l) We are able to change the direction of the 

moving power, so that it can be applied more conveniently 

I than it otherwise could, as is the case in the fixed pulley. 




re able to impart a great velocity to a 
sroatl body, by means of a considerable force, as in the 
knife-grinder's wheel. 

(3) We are able to move a great weight, by means 
of a small power, as is the case in the wheel and axle. 

When we say that in a machine the power sustains (he 
weight, we use a popular but incorrect expression, in 
reality the power supports only such a portion of the 
weight as is equal to its own force, the rest of the weight 
is distributed among, and supported by, the fixed points 
or props of the machine. 

Although, however, in a state of equilibrium, the weight 
is not supported by the power, yet if the machine be put 
into motion, the weight is actually raised by means of the 
power ; in such cases the machine enables us as it were to 
accumulate and condense the power which we employ. 

For instance, it requires a certain amount of force to 
raise a hundred-weight through a height of 20 inches, and 
it would clearly require twenty limes as great an effort to 
raise a ton through the same distance; but it would obvi- 
ously be impossible for any man to exert so great an effort 
instantaneously ; he might however divide the ton into 
twenty cwts., and carry each cwt. separately, in which case 
he would still exert twenty times the effort that he exerted 
in carrying the single cwt. But if the substance were of 
such a nature that he could not divide it, he would be 
utterly unable of himself to perform the task at all. 

He might however construct a machine by means of 
which he could (if we suppose the machine to be free from 
all resisting forces) raise the ton through one inch by the 
same effort, as that, by which he could raise the single cwt. 
through 20 inches, and consequently he could raise the 
whole ton through 20 inches by exerting twenty times this 
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In practice, however, owing to the forces of 
would require a greater effort to raise the ton through 
e inch by means of a machine than it would to raise a 
t. through 20 inches without a machine, and it would 

herefore require more than twenty times thia effort to 

■aise the ton through 20 inches. 

The total amount, therefore, of force which is required 
raise the ton through 20 inches, is greater when a 

machine is used than it would be without it, provided a 
' sufficient intensity could be applied immediately; 

although as a man could not of himself apply at once, a 

Force of sufficient intensity, he could not raise the ton at all 

without the help of a machine. 

It is often possible to apply a small force for a long 
time where we cannot apply a large force for a short time, 
and the advantage of most machines coDsists in their 
enabling us to produce the same effect, by means of a 
small force applied for a long time, that would be pro- 
duced by a great force applied for a short time. 

This is the case in all the mechanical powers, where the 
machines enable ns to condense, as it were, or concentrate a 
number of small elTorts into a single great one. 

Sometimes, however, it is necessary to produce a great 
velocity in the body that is to be moved, by means of a 
power which possesses a smalt velocity; this, which is the 
converse of the former case, may be effected by inter- 
changing the situations of the weight and power, and it is 
obvious that in all such cases, the power will act at a 
mechanical disadvantage, and must be greater than the 
weight. 

A turning-lathe is a machine of this kind, in whi^ 
velocity is gained at the expense of power. 



In the foUovring 
be uniform. 



EXAMPLES. 

isamples, the motion i 



;Lipp08ed to 



1, Compare the velocities of two bodies, one of which 
passes through 320 feet in a minute, and the other through 
Sj yards in ij of a second, 

ij : 1 :: 3-| : the space which the second body would 
describe in a minute. 
.•- this space = 60 x 3^ -^ I^ yards, 



= 60^ 



; yards = 



yards, 

= 504. feet, 
and velocity of the first body : velocity of the second body 
:: space described by the first body in a minute : space 
described by the second body in the same time, 



2. If one body moves uniformly through 5 feet in ^ 
a Second, and another* moves uniformly through 100 yards 
in a minute, what will be the ratio of their velocities? 

The first body describes 5 feet in ^ a second, and there- 
fore will describe fiOO feet in a minute. 

The second body describes 100 yards or .SOO feet in the 
same time ; 

.■. velocity of first body : velocity of second body 
:; 600 feet : SOO feet 



3. If, in a combination of three wheels and axles, the 
velocity of the weight is 48 times smaller than that of the 
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power, what will be the mechanical advantage of the com- 
bination P 

W P*s velocity 48 

Since — = ^^ = — ; 

P VTs velocity 1 

.*. the ratio 48 : 1 represents the mechanical advantage. 

4. If in a combination of levers the mechanical advan- 
tage is represented by the ratio 29 : 2, and the weight 
moves with a velocity of 2 inches in a second, what will be 
the velocity of the power ? 

velocity of power W 29 
velocity of weight P 2 

29 
.*. velocity of power «= — velocity of weight 

29 , 
= — X 2 inches = 29 inches ; 
2 

or the power moves with a velocity of 29 inches in a second. 

5. If in a wheel and axle the mechanical advantage 
is represented by the ratio 21 : 5, and the weight moves 
through a space of 10 inches in 1^ second, what space 
will the power describe in a minute ? 

velocity of power W 21 
velocity of weight P 5 ' 

and l|^ : 60 :: 10 inches : the number of inches described 

by Win a. minute ; 

4 
.•. number of inches described by Win a minute = 60 x 10 x - , 

7 

space described by P in a minute P^s velocity 21 
space described by TFinaminute TPs velocity 5 ' 
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21 ^ 

'■ space described by P in a minute = — x space described by 

^in a minute = — x 60 x 10 x -inches = 1440inches = 40 yards. 



6. Compare the velocities of two bodies which move 
through 6 and 8 feet in the same time. 

7. Compare the velocities of two bodies, of which oue 
moves through 3^ feet in a second, and the other through 
2^ feet in the same time. 

8. Compare the velocities of two bodies, of which one 
moves through 4 feet in 2 seconds, and the other through 

*S feet in 4 seconds. 

9. If the velocities of two bodies are as 7 : 2, and 
the first moves through 42 feet in a second, what space will 
the second body describe in the same time ? 

10. Compare the spaces described in a second by two 
bodies whose velocities are as 5 : 3. 

11. If the first body describe 9 feet in a second, what 
space will the second body describe in a minute ? 

12. Compare the velocities of two bodies, of which 
one moves through 4 feet in a second, and the other through 
40 yards in a minute. 

13. Compare the velocities of two bodies, one of which 
moves through 6 feet in li second, and the other through 
100 yards in a minute. 

14. Compare the velocities of two bodies, of which 
one moves through 13 yards in 2^ seconds, and the olher 
through S60 feet in a minute. 



15. The velocities of two bmlies are as 5 : 2, The fin 
■ .describes 6 feet in a second, what space will the oth< 
I describe in a minute ? 



P and W are as 7 : 



16. In a lever, the velocities c 
[ What is the mechanical advantage ? 

17- In a system of puDies of the second kind, tl 
I number of pnllies is 4. Compare the velocities of 

Laud ir. 

18. In a system of pullies of the first kind, P movi 
through 50 inches in a second, IV through 2 inches. Fii 
|he number of pullies. 

19. In a wheel and axle IF moves with a velocity 
I feet in a second, P with a velocity of 1 60 yards in 
minute. Find the mechanical advantage. 

}. In a combination of levers, the mechanical advai 
tage is represented by the ratio fiO : 7, and P describes 5 fe 
a a second, what is the velocity of W? 

21. In a combination of a wheel and axle, and j 
lystem of 5 pullies of the second kind, P describes 8 feel 
1 a second, W 5 feet in a minute. Find the mechanica 
idvantage of the wheel and axle 



Paop. 
. foUows :— 

If not, let the line be moved parallel to itself, until it 
I passes through the centre of gravity; then we have increased 
I both the quantity of matter on one side of the line, and i 
I distance from the line, and diminished both, on the otfa^ 
L'side; hence, if the body balanced itself in all positions 
I the former case, it cannot from the nature of the levM 
I balance itself in all positions in the latter, consequently the 
wi)eatre of gravity is not in this line, -which is contrary t 
[6e supposition. 



The proof given in Wood's Mechanics 
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This proof, although much shorter than that which we 
have given, is neither clear nor rigorous, for, in the first 
place, no demonstratioa is givea of the afiscrtion that the 
perpendicular distances of each particle from the line, is 
increased on one side of the line, and diminished on the 
other; and secondly, even if we allow this to be the case, 
tile eFort of each particle to turn the body round the line 
does not depend on the perpendicular distance of the 
particle itself from the line, but upon the perpendicular 
distance of the line in which the weight of that particle 
■ctB, Arom the aforesaid line. 

Dr Whewell has indeed proved the proposition in this 
manner more fully in the Mechanical Euclid ; but the 
proof which is there given is coondcrably longer than that 
given in the test. 

We have placed this proposition after the propositions 
that are marked as 18 and 19 in the Schedule, because it 
deiKDds upon the assumption that every body has a centre 
of gravity, the truth of which assumption is a simple and 
QeceBsary consequence of the latter of these two pro- 
positions. 

Pkof. 31. We may suppose any plane figure to be 
composed of a number of parallel lines; and if we can 
prove that any other line passes through the points of 
l^isectioD of each of these parallels, every one of them will 
balance in all positions round some point in this line, hence, 
the whole figure will balance round this line, and the centre 
of gravity of the figure will be in this line. 

Id this way we may determine the centre of gravity of 
most regular figures. For instance, a 
circle may be supposed to consist of a 
Dumber of parallel lines, all of which 
will be bisected by that diameter which 
cuts them at right angles (iii. 2), and 
ijarcfore the centre of gravity of the 
^HjU| will be in this diameter ; similarly, 

■L 
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by altering the direction of the parallel lines, wc 
shew ihiit the centre of gravity of the circle will be 
other diameter also, therefore it will be the point of inti 
section of the two diameters, that is, it will be the centre 
the circle. 

A cone, or cylinder may be supposed to consist of a 
number of circles arranged one above the other, and as the 
axis passes through the centre of each of these circles, i 
passes through the centre of gravity of each of them 
hence, each of the circles will balance round the axis in a! 
positions, and therefore the whole figure will balance roun 
the axis in all positions, and its centre of gravity will be n 
the axis. 

And generally the centre of gravity of the solid, formei 

by the revolution of any plane figure round a fixed line, & 

I axis, will be in the axis. 

Thus, a sphere is the solid formed by the revolution o 

semicircle about its diameter, and its centre of graviti 

will therefore be in this diameter ; and a hemisphere, bein( 

I formed by the revolution of a quadrant round one of thi 

radii which contain it, will have its centre of gravity u 

this radius. 

If a body be of uniform density, and a point can be 

■ found such that the particles of matter composing the body 
are similarly distributed in all directions around it, that 

■ point will be the centre of gravity. 
Thus, the centre of gravity of a sphere is its centre, 

and the centre of gravity of a nng will be the centre of 
I the ring. In this case, as in many others, the centre of 
J gravity is not included in the volume of the body. 

22. From this proposition it follows, that the vertical 
Pline drawn through the centre of gravity of a man when 
he stands, must always fall within the quadrilateral formed 
by his feet; and the vertical line drawn through the centre 
of gravity of a loaded carriage, must always fall within 
the quadrilateral formed by the points, at which the four 
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'nlieels are in contact with the gruuDd; and similarly, we 
may determine the limits within which the centres of gravity 
of other bodies may move without the bodies falling over. 

If a person stand sideways, close against a wall, he will 
find it impossible to lift the outer foot, because the wall 
hinJers him from leaning to the other side, so as to bring 
Wb centre of gravity directly over the other foot. 

By means of this proposition, we may shew that a bciy 
is rendered more unstable by increasing its height, or 
diminishing its base, and therefore, that those bodies are 
the most stable (that is, the least likely to fall over) which 
are of small altitudes, and rest upon large bases. 

Let us first examine the efi'ect produced by increasing 
the altitude of a body. 

Let a force P act upon the body JB 
lending to turn it round the point B. Draw 
BD perpendicular to the direction of the 
force. 

The effort which P exerts to turn the 
l>ody round B, will be increased or diminished 
"Wording as BD is increased or diminished ; if, therefore, 
the force be applied at the top of the body, it will exert a 
greater effort to turn the body round B, when the altitude 
of the body is increased. 

Hence, a body will be rendered i 
"Mtable if its altitude be increased, its base 
Md weight remaining the same. Thus, if 
4 halfpenny be laid upon a table, a force V~7_^ 
applied to the edge of the halfpenny will 
push it along the table, but will not upset it; if, however, 
8 thin vertical wire be fixed to the halfpenny, the same 
•mount of force applied at the top of the wire will be 
sufficient to upset it. 

But there is another reason why a body is rendered 
more unstable by increasing its height. In the former case, 
iW supposed the position of the centre of gravity of a body, 
ot to be altered by increasing its aWlviAi;, >«Vevt!« to y^m> 




tice, when the altitude of it hody is increased, cmieris pars 
bus, the altitude of the centre of gravity is almost alwa^ 
increased also. 

Let a force act on the body ACB, 
which rests on the horizontal plane AB, 
and let the force tend to turn it round 
the point B. Let G be the centre of 
gravity ; draw GH and BD vertical, and 
join GB. Then, in order that the body 
may fall over at B, GB must be moved 
through the angle GBD. If the height of the body 1 
increased, so that the centre of gravity be raised to G^ 
then, in order that the body may fall over at B, G'B musi 
be turned through the angle G'BD. 

And since z G'BD ia less than i GBD, it will be 
easier to turn the body over in the latter case than in the 
former, or, in other words, the body will be rendered more 

unstable by increasing its altitude, cteleris paribiu 

Again, if the base of a body be in- 
creased, ccBteris paribus, it is clear that 
the centre of gravity will be at a 
greater distance from the vertical line 
BD, and the angle G'BD will be greater 
than the angle GBD, therefore it will 
be more difficult to upset the body than 
before, or, in other words, the body will be rendered moi 
stable by increasing its base, cceferis paribus. 

Those bodies therefore are the most stable, whoi 
altitude is small in proportion to their base. 

Thus a waggon loaded with iron is more stable than 
waggon loaded with the same weight of hay, because tb( 
centre of gravity of the waggon and its load is lower 
the first case than in the second. For the same reason 
column, or a long piece of timber may be carried on 
waggon when laid in it horizontally, but would turn thi 
waggon over if set upright in it. 



The stability of a body will also, ceeteris parihtis, he 
affected by its weiglit; for it is obvious that the heavier s 
body is, ccEterie paribus, the greater will be the force that 
is required to upset it. 

A pin cannot be made to stand upon its point, because 
the base is so small that it is practically impossible to 
place the pin so that the vertical line drawn through its 
centre of gravity may fall within it. 

But even if it were so placed, it would not stand for an 
instant, for its altitude is so great in proportion to the 
base, that the slightest force would he sufficient to upset 
it. The least breath of air therefore, or the slightest trem- 
bling of the surface on which it rested, though impercept- 
ible to our senses, would be sufficient to upset the pin. 

We have here considered the point of the pin to be a 
plane figure, but in practice it may be considered as actually 
a point, and therefore the pin, when it rests upon it, will 
be in a state of unstable equilibrium. (See the next note.) 

23, It appears from this proposition that if a body 
be suspended from a point, it will rest whenever the centre 
of gravity of the body is in the vertical line which passes 
through the point of suspension. Now (unless the centre 
of gravity of a body coincides with the point of suspen- 
sion) by turning the body round it may be brought either 
directly above or directly below the point of suspension, 
and there will therefore be two positions of equilibrium. 

The weight of a body may be considered as a single 
force acting vertically at the centre of gravity, (Prop, 19), 
and therefore the centre of gravity will always have a 
tendency to fall to the lowest possible point. Hence if by 
disturbing the body we raise the centre of gravity, the body 
will return to its original position, and therefore this posi- 
tion of equilibrium is called stable. 

■Jf on the contrary by disturbing the body we make 
tre of gravity descend, the \)eig\\V ol Oe\ft\NQ&^ nvS\. 
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Its ongiiuu^ra^H 



tend to move the body stilt farthi 

tion, anil therefore tliis position of equilibrium is calletf 
unstable. If the centre of gravity neither ascends nor- 
descends when the body is disturbed, it will rest iodif-. 
ferently in all positions, and it is therefore said to be in a 
state of neutral equilibrium. Thus, if a body hang by a 
string the equilibrium is stable, if a stick be balanced on ft 
point the equilibrium is unstable, when a sphere rests on at 
horizontal plane the equilibrium is neutral. 

The centre of an egg will obviously be its centre of 
gravity, if therefore it be placed on its side, the centre of 
gravity will be in the lowest possible position, and the 
equilibrium will be stable; if it be placed on its end, the 
centre of gravity will be in the highest possible position^ 
L and therefore, if the body be disturbed ever so little, the 

^^■.centre of gravity will descend, and the equilibrium will 
^^^■tberefore be unstable. 

^^H When a rigid body is suspended from a fixed point, 
^^^Ktfie centre of gravity will, if we move the body, describe a 
^^^Bdrcle round this fixed point, and therefore when the centre 
|^^r«f gravity is directly below the point of suspension, it is 
■ always in the lowest possible position, and the equilibrium 

will always be stable; when the centre of gravity is directly 
above the point of suspension, it will always be in the 
highest possible position, and the equilibrium will always 
be unstable. But if a body rests upon a plane, the point 
of support changes as we move the body, and therefore the 
position may be one of stable equilibrium, although the 
centre of gravity be above the point of support. 

We now proceed to shew why a pair of scales, equally 
loaded, will rest only when the beam is horizontal. 

The centre of gravity of the two weights always lies 
in the vertical line which passes through the centre of the 
beam, (vid. example Ti). If therefore, the centre of the 
beam (which will obviously be its centre of gravity) were 
also the point of suspension, the pair of scales would rest 
•adifferenily in any position, but in practict \l\e ^i«nl of 






135 



Basion is always above the centre of the beam, ant 
(tfore the balance will rest, only when the vertical line 
D through the point of suspension passes through the 
e of the beam, which, if the balance be accurately 
ructed, can only be the case when the beam is hori- 

:ntre of the beam be above the point of suspen- 
Rlhe equilibrium will be unstable; if it be below, the 
ffibrium will he stable; and if the system be made to 
te, it will return to its original position. 
bis proposition furnishes us with an easy practical 
1 of determining the centre of gravity of a body, 
ffor if the body be suspended from any point, and when 
I, a vertical line be drawn through the point of sus- 
hi, the centre of gravity will be in this line. 
f the body be again suspended from any other point, 
Miotber vertical line be drawn through this point, the 
e of gravity will be in this line also. 
Hence the centre of gravity will be the point of inter- 
a of these two lines. 



Find the centre of gravity of 3 equal points. 
^t JBC be the points, 
^t of each. 

Join AB, and bisect it in D, there- 
fore D will be the centre of gravity of 
A and B, which will produce the same 
effect as 9 w at Z». 

Join DC, and take DE : DC :- w : Sw; 
. DE : EC :: w : 2w, and E will be the centre of 
rarity of C and 2w at D, 

»% it will be the centre of gravity of C, A, and B. 




!. If the three points are in 
the ^me right line. 



^Z>--, AE = JD + DE. 



2 3 2 ' 3 

aa + b 



+-2fc ^a + 2b 



3. If BC = AB, i.e. 6 = 

AE = — ==a = AB 

3 

. E coincides with B, and B will be the centre of gravity. 

4. The weight of a uniform rod'ia 3 lbs., if an ad(H 
tional weight of 5 lbs, be suspended at one end, where i 

be the centre of gravity of the whole system ? 

Let AB be the rod, bisect it in C r v 

C will be the centre of gravity of the ^ ' "~] 

\ rod ; and the weight of the rod will produce the sa 
\ effect as 3 lbs. suspended at C ; 

divide CB in E so that CE : CB :: 5 : 8, 

.-. dividendo CE : EB :: 5 : 3. 

Hence, E will be the centre of gravity of 3 lbs. sua 
pended at C, and 5 lbs. suspended at B, that is, it will t 
, the centre of gravity of the system^ 
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At the ends of a atraight lever MN are suspended 
two weights P and Q. Find the position of the centre of 
gravity when the weights are in equilibrio. 

Join PQ ; draw CG verti- ^ 
cal; G, their point of intersec- 
tion shall be the centre of M 
gravity. 

Draw aCb, PHI horizon- ^ 
tal. 

P : Q :: Cb : Ca, since there is equilibrium. (Prop. 6.) 

:: HI : PH. (Euclid, i. 34.) 

;: Q,G : PG by similar triangles; 
^^^ ,". G is the centre of gravity. 

6. If a man sitting in one .scale of a weighing machine, 
press with a stick against any point of the beam between 
ihe point from which the scale is suspended, and the ful- 
crum, he will appear to weigh more than before. 

If a man sitting in the scale 
F press with a stick against any 
point D between C and B, he 

will push the scale F in which he /^-)„ tl~c\Y VG' 

sits, farther from C; the centre of ' 
gravity, therefore, of himself and the scale F will be moved 
from G to some point G' further from C; and therefore, 
if GK be drawn perpendicular to CB, the arm CK at 
which his weight acts, will bo greater than CB, the arm 
at which it acted before. The scale F, therefore, will pre- 
ponderate, 

If he press against B, he will not alter the position of 
18 
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his centre of gravity. But if he press against any point 
beyond JB, (as for instance K) he will push himself nearer 
to the fulcrum C, and his weight will act at a shorter arm 
than before, therefore the scale E will preponderate, and 
he will appear to weigh less than before. 

7. If a solid hemisphere be placed on a horizontal 
plane, with its axis vertical, the position is one of stable 
equilibrium. 

Let the annexed figure represent a section of the 
hemisphere, and let the point G in the axis CJB, be the 
centre of gravity ; then^ if the hemisphere be moved round 
into the position represented by the dotted lines, the line 
AB will touch the circle, and therefore (iii. 17) CA will 
be vertical. 
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If G*kh be drawn vertical, cutting the circumference in 
At, and AB in A, G'h > G'k. 



But G'k > G'B (3, 7) ; /. Gh > G R or GB. 

If therefore we move the hemisphere, we make the 
centre of gravity ascend, and the body will consequently 
return into its original position, which will therefore be one 
of stable equilibrium. 




If a light figure be placed upon a hemU 
ephere ao that the centre of gravity of the 
whole is below the centre of the hemisphere, 
the position will still be one of stable equi- 
librium; and such a body may be made , 
to oscillate in any direction upon a hori- 
zontal plane without falling over. The same 
thing will occur if the body be placed on the 
top of a sphere, provided the lower half of the sphere be 
80 much heavier than the upper, that the centre of gravity 
of the whole falls below the centre of the sphere. 

8, If a double cone or 
spindle BB be placed upon two 
inclined planes FA, FA, whose 
height FG is small, it will of it- 
self move from A towards FF. 

The centre of the axis of the 
spindle will clearly be its centre 
of gravity, therefore, if FF be 
just equal to the axis of the 
spindle, when the spindle comes 
to FF, its centre of gravity will 

be in FF, and the height of the centre of gravity will 
\kFG. 

When the spindle is at A, the height of its centre of 
gravity above the horizontal plane in which the lines AG, 
^Glie, is the radius of the circle which forms the common 
Iwse of the two cones. If therefore FG be less than this 
radius, the centre of gravity will descend from its highest 
podtion, viz. that at A, to its lowest position, viz. that at 
FF, and the spindle will roll up the planes. 

9. To shew how a cylinder may be made to roll up 
an inclined plane. 

If a cylinder^ be made of light wood, with a small 
cylinder of lead K, going through it close to the surface, the 
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centre of gravity of the body will no longer be tlie centre 
of its axis, but some point G in the radius Jf o, between K 
and the centre o. If such a cylinder he placed on an 
inclined plane so that the vertical line through <?• is above 

I the point P at which the cylinder rests upon the plane; the 

I weight of the cylinder acting in this line will cause the 

I cylinder to roll up the plane, provided the friction be 
"icient to prevent sliding. And 

I the cylinder will continue to roll up 

I the plane, until G has come into its 

E lowest possible position, which will be 

1 in the vertical line passing through 

I the point of support. Although the 

I cylinder seems tu ascend in this case, 

I thecentreofgravitytrreallydescends. 

10. Fig. 1. If a piece of wood (.AB) be placed upd 

R table so that its centre of gravity G is beyond the edg 

(M) of the table ; its weight acting at G will turn i 

round M, and it will therefore fall ; but if a heavy 1 

I C, be joined to AB so as to bring the centre of gravity \ 

I the whole ^, to any point beneath the table; the 

moi the two bodies acting at K will be supported hj tfl 

[table; and they will therefore remain at rest. 




Fig. 2. Thus, if a bucket be suspended from the piec 

I of wood, and we fix another stick with one end in a notcf 

■ in the piece of wood, and the other against the inside ( 

J the pail at the bottom, the centre of gravity of the whcj 

may be brought under the table, and will in that case 1 

supported by it. 

• O, in ihe figure, ought to lie- placed Kt the poiat where ihe dolled U 
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1 Fig. 3. Again, if two knives be stuck into tlie piece of 

I iwood, the centre of gravity of the whole will be brought 

nearer to thn end J, and it will therefore be supported by 

I the table, and may even be balanced on the rim of a glass, 

or a sharp point. 

11. Find the centre of gravity of a, parallelogram, 

12. At two of the angular points of an equilateral 
angle are suspended weights of one pound, at the third 
angular point is suspended a weight of two pounds. Find 
the centre of gravity of the system, 

13. Why does a porter with a load on his back lean 
forwards F 

14. Why does a nurse with a child in her arms lean 
liackwards ? 

15. In ascending a hill we appear to lean forwards, 
in descending to lean backwards. Do we do so in reality ? 

16. A weight is suspended to a pole, and carried on 

the shoulders of two men of unequal heights, the point of 
suspension being equally distant from each. Does each 
nan sustain an equal portion of the weight P 

17. Why does a man continually shift his hand when 
he balances a stick upon it ? 

18. Explain the phenomenon of a billiard ball moving 
up two inclined rods. 

19. What is the use of a rope dancer's pole ? 

20. If a weight be suspended by a string from the 
middle point of a pole, and the pole be carried by two men, 
BO that the ends of the pole rest upon their shoulders; 
shew that they bear an equal portion of the weight, whether 
they ascend or descep^ s JjUU, 
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21. Is this the case, when the weight is attached to 
the pole by a rigid rotl, instead of a flexible string, the 
rod being perpendicular to the pole ? 

22. Why is a solid cyliiider resting on a horizontal 
plane more difficult to upset, than a hollow cylinder of the 

same dimensions ? 

23. Why are lofty sails more likely to upset a vessel 
than low ones .' 

Do they propel a vessel better than low ones ? 

24. Why does a man, when he rises from a chair, 
stoop forwards ? 

25. Explain why it is more dangerous to place lug- 
gage on the top of a coach, than io the body. 

26. A heavy uniform rod, with a weight of islbs. at 
one end, balances in a horizontal position round a fulcrum 
9 inches from that end. If the length of the rod be 4 feet, 

what is its weight ? 

27. Why is it necessary that a table should have three 
feet at least F 

28. How is it that an inclined tower, such as that at 
Pisa, does not fall, although its top hangs 12 feet over its 
base? 

29. Supposing such a tower to be built in the form of 
an oblique cylinder, so that the slant side is to the height 
as 5 : 4; what is the greatest height to which it may be 
built in theory, if the radius of its base be 30 feet ? 
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1. Sand and many other powders, may be divided in 
any direction, and their parts can be moved among one 
another by very small forces; but not by any force how- 
ever small. They do not therefore come under the defini- 
tion of a fluid, although they possess the properties of 
fluids to a certain extent. 

When a pressure is applied to a solid at any point, the 
solid may be kept at rest by applying an equal and opposite 
pressure to the opposite point of the solid, 
a pressure be applied to a fluid contained in any 
close vessel, an equal pressure must be ; 
to every point of the surface of the fluid, in order , 
to preserve equilibrium. (Prop. 1.) 

If the vessel were filled with sand, we should 
find that the sand would transmit pressure in different 
directions, but not equally in all directions. 

Again, sand will flow from a higher to a lower level, 
but it will not, like a fluid, ilow to a perfect level. (Prop, 2.) 

If the reader will imagine a vessel to be filled with 
spherical shot, whose surfaces are free both from friction 
and cohesion, he will have a pretty correct notion of the 
particles of a fluid, which would differ from these shot only 
in being exceedingly small. 

2. Fluids are said to be compressible when their 
dimensions are diminished by increasing the pressure upon 
them ; they are said to be elastic, when they recover their 
former dimensions, if the pressure to which they have been 
subjected is removed. 



As all fluids tliat are compressible are also elastic, the 
<erms compressible and elastic, incompressible and inelastic 
may in hydrostatics be considered as synonymous. 

8. If a tube be filled to a certain height with water 
or any other fluid, and placed under the receiver of an air- 
pump; when the air in the receiver is exhausted the fluid 
will rise in the tube. Again, if the tube be placed under 
the receiver of an air-pump and subjected to an increased 
pressure, the fluid will sink in the tube. 

If a bottle filled with water and corked tight, be 
plunged to a great depth in the sea, on drawing up iht 
bottle, the water within it will be founJ to have acquired a 
brackish taste, whence we may conclude that in such cases 
the cork is forced in by the pressure so that the sea water 
enters and mixes with the water in the bottle. 

These experiments satisfactorily prove that water and 
other fluids are in some degree compresaible. 

Water, however, and the rest of the fluids which are 
commonly called liquids, are susceptible of compression ia 
so slight a degree, that for all practical purposes, they 
be considered as absolutely inelastic. 

pEOF. 1. Upon the principle proved in this propoi 
sition, depend the contrivances called safety valves. 

Suppose a steam boiler or a condenser to be bo 
structed that it cannot bear at every part of its surface 
greater pressure than 2.5 lbs. to the square inch. 

If a valve whose area is a square inch be loaded so 
that it requires a pressure of 25 lbs. to raise it, and placed 
at any part whatever of the boiler ; then, if any portion of 
the boiler sustain a pressure of more than 25 lbs. to the 
square inch, the valve will sustain the same pressure; it 
will therefore open, and the steam will escape until t) 
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pressure on the sides of the hoiler is reduced within the 
proper limits ; when the valve will again close hy its weight, 

Prop. 3. Upon this principle are constructed the 
instruments that are used in levelling. 

The common level consists of a tube 
with its two ends turned up and open. It -Y 
is filled with water, or mercury, and in each 
end is placed a float carrying an upright 
sight. The sights are at equal distances above y.^ 
the floats, therefore the line which joins them 
will always he parallel to the surface of the fluid. 

The surface of the fluid will always be horizontal, 
therefore this line will always be horizontal, however the 
instrument may be held ; and any object that is seen in this 
line will be on the same level with the instrument. 

Prop. 2, 3, 4. In these propositions the pressure of 
the fluid is calculated as if there were a vacuum above 
its surface. In order, therefore, to find the actual pressure 
at any point, we must add the atmospheric pressure, to the 
pressure which is due to the fluid itself. The atmospheric 
pressure is very nearly equal to a pressure of 1.5 lbs. on 
every square inch. 

If the area of the bottom of a vessel be a square foot, 
the pressure on the bottom will be less in a vacuum, by 
144 X 15, or Sl6olbs. than it is in air. This enormous 
pressure is not perceptible, under ordinary circumstances, 
because the air eserls an equal pressure upwards on the 
outside of the vessel. 

Prop, 2, S. If we suppose the surface of a fluid at 
rest to consist of a number of different plane surfaces, the 
depth of any point below the surface will be different accord- 
ing as it is measured from one or another of these planes. 
The same thing will occur if we suppose the surface of a 
19 
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fluid to be curved, for a curved surface may be conceived 
to be made up of a number of plane surfaces of indefinitely 
small extent. Now the enunciation of Prop. 2 evidently 
assumeB that the depth of any point below the surface has 
only one value, which cannot be the case unless the surface 
of the fluid be a plane surface. 

The enunciation therefore assumes that the surface of a 
fluid at rest is a plane surface: and hence, this proposition 
ought, in strictness, to be placed not before Prop. 3, but 
after it, as is done in almost every work upon hydrostatics. 

In fact, Props. 2 and 3 of the Schedule comprise three 
I distinct theorems, which in Miller's Hydrostatics are ar- 
I ranged in the following order : 

(1) In a fluid at rest, the pressures at all points in the 
I same horizontal plane, are equal. 

(2) The surface of a fluid at rest is horizontal. 

(3) In a fluid at rest, the pressure on any particle is 
proportional to its depth below the surface of the fluid. 

The reader will see that both of the first two theorems \ 
are comprised in the proof of Prop. 3 of the Schedule. 

In these propositions the fluids employed are alway»J 
supposed to be of uniform density ; if, however, the flui^^ 
in a vessel be not of uniform density (as is the case whei 
various liquids of different specific gravities, which do nd( 
mix together, are poured into the same vessel) the proposl-l 
tions will still be true, with the exception of Prop. 2. 

Pbop. 1 will be true whether the density be uniform c 
not, because the experiment on which it depends has nd 
reference to the weight of the particles which compose thi 
Buid mass. 



Prop. 2 will require some slight modiGcalion. 

The pressure at any point will depend 
upon its depth below the surface, but it will 
not be proportional to the depth. Thus, if 
the vertical line AC meet the surface of the 
denser fluid in D, and that of the lighter fluid 
in C, the pressure on A will be equal to the 
weight of the fluid particles in CD + the weight 
of the particles in JD, but it will not be proportional to 
the whole depth JC, because the particles in CD are not 
so heavy ns those in JD. 

Pkoi-. 3 will be true whether the density be uniform 
or not. 

For in the proof of the proposition, P and Q may be at 
any depth whatever below the surface; let them be taken 
anywhere within the upper fluid, and the rest of the proof 
will apply whether the density be uniform or not. 



is evidently true whether the density be 
It, as also will be 



Peo; 
uniform 

Piioi'. fi; but the reader must recollect that 
weight of the fluid displaced will not be the same 
would be if its density were uniform. 



Puop, 2. In Prop. 3, the lines in which the force of 
gravity acts are supposed to be parallel to each other, and 
hence it has been proved that the surface of a fluid at rest 
is a horizontal plane. In reality, however, these lines are 
not parallel, but intersect at the earth's centre, and there- 
fore the surface of a fluid at rest is a spherical surface and 
not a horizontal plane. But if the extent of the surface of 
the fluid be small; (the angle contained by these lines will 
be so small that) the lines may be considered as parallel, 
and the surface of the fluid will not therefore differ mate- 
rially from a horizontal plane. 
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The object in levelling is to determine 
a nunibei' of (UfTerenl points, whose dis- 
tances from the centre of the earth C, are 
equal. 

If, therefore, j5 is a point in the same 
horizontal line as A, when the distance 
AB is considerable, CB cannot be con- 
sidered as equal to CA. A correction 
must therefore be made for BD, which is 
technically termed the depression. 



Prof. 4. If the sides of the vessel are not vertical, 
the pressure on any point A of the 
bottom of the vesstil will be the weight 
of the coUimu of fluid particles AB; 




and the pressure will be the game at all 
points of the bottom of the vessel, there- 
fore the whole pressure on the bottom, will be equal to the 
weight of a column of fluid whose base is the bottom, and 
whose altitude is the depth of the bottom below the surface 
of the fluid. 

The pressure on the bottom, therefore, is not altered by 
the form of the upper part of the vessel so long as the 
altitude of the fluid remains the same; and if the area of 
the surface of the fluid be less than that of the bottom, 
the pressure on the bottom will be greater than the weight 
of the fluid. 

This fact has sometimes been called the liydrostatic 
paradox ; as well as the fact explained in Prop. 5. 

Prop. 5. If in the hydrostatic paradox the weight of 
the small column be exchanged for the pressure of a small 
piston, and the plate of the moveable board be supplied by 
a large moveable piston ; the pressures exerted by the 
pistons will be proportional to their areas. If an addi- 
tional pressure be applied to the smaller piston, the large 
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pUton will ascend, aud press against any obstacle which is 
placed above it. This is the principle upon which is con- 
structed the instrument called the hydrostatic press. The 
fimaller piston is worked by means of a lever, and the 
larger presses any object placed upon it, against an iron 
framework in which the instrument is fixed. 

The instrument i ^ 
used in packing whtr 
it is necessary to c i 
press bulky articUs im 
a small compass f r 
trying the strength (f 
cables, and other pur 
poses, where it is necei 
Bary to exert a great 
pressure tbrougbasmall 
space. 

There is no mechanical contrivance so simple or so 
powerful as this ; the space it occupies is very small, and 
the friction is inconsiderable. If the area of the smaller 
piston be a square inch, and that of the larger a square 
foot, a force of lib. will produce a pressure of 144lbs. 
The principle of virtual velocities applies to this as well as 
to all other machines, for the ascent of the large piston is as 
much slower than the descent of the smaller one, as its 
area exceeds the area of the smaller. 

A full account of the different contrivances used in the 
construction of this beautiful machine may he found in 
Webster's Hydrostatics. 

For the machine in its present state of perfection, we 
are indebted to Mr Bramah, whose name it bears, although 
the merit of its original invention has been attributed to 
Simon Stevin of Bruges. 

N. B. In the following examples, the pressure of the 
atmosphere upon the surface of the fluid is nut tat«.ft.\^\» 



account, the pressures in the interior of the fluids being 
calculated as if there were a vacuum above the surface. 



the depths of 



1. Compare the pressures of a fluid i 
2 inches and 18 feet, below the surface. 

Here the pressures are as 2 inches : 18 feet, 

Sinches : 2l6inches, 
or, as 1 : lOS. ■ 

2, The weight of a cubic foot of water is lOOOoz., 
what wilt be the pressure on a square inch at a depth of 
18 feet below the surface of a lake? I 

The required pressure = pressure of a column of water, 
lose base is a square inch, and height 18 feet, 
= weight of 1 X 2l6 cubic inches of water, 

1000 
= 210 ■ — _ oz., since 1728 cubic inches = 1 cubic foot, 



1728 



1000 



Mercury is poured into a vessel, the bottom i 
I .which is horizontal; the area of the base is a square feeti 
land the depth of the mercury is 6inche9. Find the pressuren 
Irfin the bottom, the density of mercury being 13.5. 

cubic foot of water weighs 1000 oz., the density of J 
Water is ], that of mercury 13.5 ; therefore a cubic foot j 
t mercury weighs 13500 oz,, and pressure on the bottom'l 

= weight of 2 X - cubic feet of mercury, 

= weight of a cubic foot of mercury, 
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4. A small tube of uniform Lore is inserted in the bui _ 
of a hogshead full of water ; tlie area of a horizontal section 
of the tube is a square inch, and that of the top of the 
hogshead is 2 square yards. The tube is filled with water 
to the height of 36 feet; find the weight of the water in 
the tube, and the pressure of the fluid upwards, on the top 
of the hogshead. 

The weight of the fluid in the tube = weight of 1 x 432 
cubic inches of water, 

= weight of 432 cubic inches of water, 

1000 

= isa K = 250 oz., 

1728 

and this will be the pressure on a section of the tube, i.e. 
on a square inch, 

Therefore pressure on a section of the tube : pressure 
on the top of the hogshead 

:; 1 inch : 2 square yards, 

;; I : 2 x 9 x 144; 

.'. pressure on the top of the hogshead = 2x!}xl4*xpres- 
sure on a sectian of the tube 

= a X 9 X 14* X 250 oz., 

= 40500 lbs. 

Thus by means of about 16 lbs. of water we might 
produce a pressure of nearly 20 tons. Such a pressure 
would be sufficient to burst the strongest hogshead. 

If a heavier fluid were used, a smaller column would 
produce the same effect. Thus, if mercury were used, a 
column of about one thirteenth the height would produce 
the same amount of pressure on the top of the hogshead. 

If a large cavity in the bowels of a mountain were to be 
filled with water by a small crack of considerable height. 



and the crack itself should get full of water, it would be 

impossible to fix any limits to the convulsion which might 

ensue. 

The instrument described in Prop, s, is sometimes called 
I the hydrostatic bellows; and the weight upon the board 
Ftnay be supported and raised by blowing into the tube, 

instead of pouring water into it. 

5. If two fluids of different densities, which do not 
mix, be poured into a bent tube, will they stand at the same 
level in both legs ? 

In this case the pressures of the two columns of 
fluid in the two legs must counterbalance each other, M [ 
and therefore be equal. H 

A longer column therefore of the lighter fluid ■ | 
will be required to counterbalance the fluid in the ^J 
other leg, than would be required if the tube were 
entirely filled with the denser fluid. Therefore the lighte 
fluid will stand at a higher level than the denser. 

6. Explain the reason why an egg is not crushed 
I the pressure of water, however deep it may he pluDj 
I beneath the surface. 



Fluids press equally in all directions, and therefore) 

I however great the pressure of the fluid may be, every part' 

' of the egg is equally pressed, and it will not be crushed or 

altered in shape. 

7. Explain the reason why a mass of water fallin^^ 
I upon a man from a considerable height, does him no injury, 
|"Why is not this the case with a mass of ice ? 

According to the definition, the particles of a fluid may 
be divided by any force however small, and the resistance 
of the air produces this effect, so that the water falls in a 
kind of shower, and does the man no injury. 



But a mass of ice, being solid, would not be separated 
by the resistance of the air, and would in all probabilitj 
fracture his skull. 

8. A body specifically heavier than a fluid may be 
made to swim in that fluid, and a body Bpecifically lighter 
may be made to lie at the bottom. 

If a plate of metal m, be pressed against 
tbe mouth of a glass tube gg, and the whole 
immersed in a vessel of water ww ; then if there 
is DO water in gg, the downwards pressure on 
m will be its weight added to the pressure of 
the air in gg. 

Now, by sinking gg to a sufficient depth, 
the pressure of tlie water upwards on m may be 
made greater than the pressure downwards, and 
it will therefore retain m in its place ; although 
its specific gravity is greater than that of the fluid. 

Again, if a plate //, of any substance lighter than water 
be placed at the bottom of the vessel, and a quantity of 
water be poured gently into the vessel, provided the surfaces 
in contact are made so smooth, that the water cannot in- 
sinuate itself between them ; the water will exert no pres- 
sure OD the under surface of the plate H, which will remain 
at the bottom, although its specific gravity be less than 
that of the fluid. 

This experiment may be tried with a piece of cork, by 
fixing to its under side a thin and smooth plate of brass. 

9. Compare the pressures in the interior of a fluid at 
re&t, at the depths of 3 inches and 4 feet. 

10. A cubic inch of mercury weighs 802., what will 
be the pressure on the square inch in a vessel of mercury 
at a depth of two feet below the surface ? 

11. What will be the pressure on the bottom of a 
filled with mercury ; tbe height of the mercury l>einj 

20 
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6 inches, and the area of the bottom (which is horizutital) 
being a square foot. 

The atmospheric pressure is 15 lbs. on the square 
inch; compare the pressures in a vessel of mercury at the 
depths of 10 and 50 inches beloiv the surface. 

13. In the hydrostatic bellows the area of the tube is 
;^ of a square inch, and the height of the column of water 
contained in it above the surface of the board is 30 feet. If 
the area of the board is a square foot, what will be the 
weight of the water in the tube, and what weight must be 
placed upon the board in order to counterbalance it ? 

14. The shape of a soft substance, such as a lump of 
wax, is not altered by the pressure of a fluid however 
it may be immersed in it. Explain the reason why this is 
the case. 

15. A plate of metal is pressed against the mouth of a 
glass tube, which it exactly fits, the thickness of the plate 
being one inch ; and the specific gravity of the metal being 
12. How deep must the tube be plunged in a vessel ol 
water, in ordei' that the plate may be retained in its plact 

■ by the pressure of the water alone, the experiment being 

■ supposed to take place in vacuo? 

16. What will be the pressure on the bottom of 
vessel filled with water, (I) in vacuo; (2) in air; the 
of the bottom (which is horizontal) being 2 square feet, ant 
the depth of the water being one foot ? 

Will a vessel which is strong enough to bear the pres 
sure in the first case, necessarily be strong enough to heal 
I the pressure in the second case ? 

17- Why do divers experience no inconvenience fron 
i the pressure of the water, even when they descend to coa 
Biderable depths ? 

18. A spring-head, and the top of a distant tower, an 
ascertained to be in the same horizontal line. Can water 



be conveyed from the spring-head to the top of the tower, 
by means of a series of connected pipes ? 

19. Compare the pressure at a depth of 17 feet in a 
vessel of water with the pressure at a depth of 15 inches 
in a vessel of mercury; if the density of water is to the 
density of mercury as 6 : 68. 

Paops. 6, 7, 8, <l. If a vessel full of water be weighed 
in a balance, and any body whatever be held in the vessel so 
as not to touch the sides or bottom of the vessel, although 
the greater part of the water may have been made to run over 
the sides, the scales will still continue balanced, and this 
will be the case, whatever may he the specific gravity of 
the body which is thus held in the water. Thus a block 
of wood will keep the scales balanced just as well as a block 
of lead of the same size. 

Por by proposition A, The pressure of the body down- 
wards = the pressure of the fluid upwards on the body 
= the weight of the fluid displaced = the weight of a 
quantity of fluid of the same bulk as the body. 

On the same principle, if the vessel be not full of water, 
BO that, when the body is immersed the water rises in the 
vessel instead of running over the sides ; the pressure of 
the body downwards will still be equal to the weight of a 
quantity of fluid of the same bulk as the body; and the 
weight of the water will be increased by this additional 
pressure. 

Thus, if a glass of water rest upon a table, and a cubic 
inch of lead be suspended in the water by a string, the 
table will sustain an additional pressure, which will be equal 
to the weight of a cubic inch of water. 

If a cubic inch of any substance whose specific gravity 
ifl leas than that of water, were forcibly held in the water, 
it would add to the weight of the water as much as the 
' does. 
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When a body is wholly immersed in a fluid, the fluid 
above the body presses it downwards, and the fluid below 
the body presses it upwards; but as the pressure of the 
fluid at any point is proportional to the depth of that point 
below the surface, the fluid beneath the body, being lower 
down than that above the body, will exert the greater 
pressure. The effective pleasure of the fluid will, there- 
fore, be equal to the difference of these pressures, and will 
always act vertically upwards. This effective pressure 
(which we have shewn to be equal to the weight of a 
quantity of fluid whose bulk is equal to that of the body) 
will press the body upwards ; and the body will press 
downwards with its own weight. If therefore the weight of 
the body be greater than the weight of an equal bulk of 
fluid, the body will descend ; if they be equal, the body will 
remain at rest wherever it be placed in the fluid; if the 
weight of the body be the less, the body will rise. 



Props. 10, 11. If we can ascertain accurately the mag- 
I nitude of n body, we can find its specific gravity by weigh- 
t ing it. For the weight of an equal bulk of water may be 
calculated, and the specific gravities of the body and of 
water will be as the weights of these equal bulks. But if J 
the shape of the body be irregular, it is impossible to ascer- j 
tain its magnitude by measurement, and we must there- ] 
I fore have recourse to some other method. Now when a body 1 
I is immersed in a vessel full of any kind of fluid, it dia- \ 
places a quantity of fluid whose bulk is equal to its i 
and if we were to measure the fluid which runs over the 
sides of the vessel, we should be able to ascertain accurately 
the magnitude of the body immersed, and might calculates 
the weight of an equal bulk of water. 

But Prop. A furnishes us with a still simpler metbod)| 
for the weight lost by the body when weighed in water I 
gives us the weight of an equal bulk of water at once. 

On this principle is constructed the hydrostatic ba]ance,J 
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by means of which we are able to determine the speciBc 
gravities of solids. We might ascertain the specific gravi- 
ties of fluids hy means of the Bame instrument ; for if the 
same body were weighed in two fluids, the weight lost in 
each would be equal to the weight of an equal bulk of that 
fluid ; and the specific gravities of the fiuida would be pro- 
portiuual to these weights 



The hydrometer, however, is more generally used for 
the latter purpose, inasmuch as it is a simpler and more 
convenient instrument. 



The principle proved in Prop. A was discovered by 
Archimedes, who employed it to solve the well-iinown 
problem of the adulterated crown. 

Hiero, king of Syracuse, had given a workman a certain 
quantity of gold to make into a crown. As it is always 
necessary to alloy gold with some other metal before it can 
be wrought, the workman added a certain quantity of 
silver. When the crown was brought back, the king, sus- 
pecting that the workman had 'alloyed the gold with more 
silver than he owned, and had thereby cheated him of so 
much gold, (for it is probable that the actual weight of the 
crown was the same as it would have been, if the gold had 
been fairly alloyed) requested Archimedes to find out how 
much gold and how much silver were in the crown. The 
way in which he solved- the problem will be seen in the 
examples. 




1. A cylinder of cork floats in a vessel of water, the 

specific gravity of cork is .2.'5. that of water is 1. What 

% of the cylinder will be above the surface ? 
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Let m be the number uf cubic inches above the surface 

n below 

(m + n) X . a.'f = the weight of the cylinder. 

« X 1 = the weight of the fluid displaced, 
and these are equal by proposition 6 ; 

.-. n = (m + «) X .25 = (m + n) x ^. 
= ^ of the content of the cylinder. 

Therefore one quarter of the cylinder will be beloi 
the surface, and three quarters of the cylinder will be abort 
the surface. 

2. A cylinder floats in a fluid whose specific gravity is' 
IS. 5, with two thirds of its bulk above the surface. What 
is the specific gravity of the cylinder ? 

Let 5* be the specilic gravity of the cylinder, 

Then, since ^ of the cylinder is below the surface, 

by Prop. 6, 5" X 1 =13.5 v i, 

S = 1.5, the specific gravity of the cylinder 

3. A cylinder, whose specific gravity is .6, floats in i 
fluid with ^ of its bulk below the surface. Find the specifii 
gravity of the fluid. 

If ^ = the specific gravity of the fluid. 



L 



- = weight of the fluid displaced, 
= weight of the cylinder, (Prop. 6), 



and S = 1, the specific gravity of the fluid. 



A cylinder iloats in a fluid with ^- of its bulk above 
I the surface. Compare the specific gravities of the cylinder 
md the fluid, (by Prop. 8.) 

The specific gravity of the body : the specific gravity 
I of the fluid 

:: the part immersed : the whole body 



'S. A lump of lead which weighs 22 lbs. loses 2 lbs. 
when weighed in water. Compare the specific gravities of 
lead and water. 

By Prop. 9, the specific gravity of water : the specific 
gravity of lead, 



6. A lump of gold weighs 152 lbs. in air, and 44 in 
mercury. Find the specific gravity of mercury, that of gold 
being 19. 

Specific gravity of mercury : specific gravity of gold ;: weight 
lost : whole weight, 

specific gravity of mercury : If) :: 108 : 152, 

152 X specific gravity of mercury = 19 >< 108 ; 

IE) X 108 108 



.", specific gravity of mercury = 



7. A lump of marble weighs 27 lbs. in air, and 17 in 
water. Fiod its specific gravity. 

By Prop, g. 

Specific gravity of water : specific gravity of marble 

weight lost : whole weight] 



,". 27 X specific gravity of water = 10 x specific gravity ( 

marbli 



specific gravity of marble = 



< specific gravity of water 



8. A block of wood weighs 3 lbs. in air; as it will nol 
sink in water, a piece of lead is added to it as a sinker ; thi 
lead weighs 6 lbs. in water, and the two together weigl 
5 lbs, in water. Find the specific gravity of the wood. 

By the formula of Prop. JO. 



Here S" = specific gravity of water = 1, 
MI = weight of wood in air = 3 lbs., 
w.^ = weight of lead in water = 6 lbs., 
w' = weight of the two together in water = 5 lbs. 



.*. 5" = the sped 



ifie gravity of the wood = 



3 + 6 
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9. A lump of iron weighs 10 lbs. in air; a lump of 
platitin which weighs 15lbs. in air, and 9 in mercury, being 

i as a sinker, the iron and platina together are found 
to weigh 1 lb. in mercury. Find ihe specific gravity of 
iron, that of mercury being 13.5. 

This might be found from the formula, as in the last 
example; but we proceed to find it independently. 

If tS = the specific gravity of the iron, m its bulk, 

weight of fluid equal in bulk to the two = weight lost by the 
two= 10 + 15 - 1 =24., 



platina = weight lost by the 

platina = 15 — 9 = 6, 

eight of fluid equal in bulk to the iron alone = 18, 

.-. Wi X 13.5 = 18, 

but m X S = 10; 

m* S 10 



m X 13.5 18 

10 135 

S = ~ X 13.5 = — , 
18 18 

=: 7. ■'5 = the specific gravity of ii 



10. A hydrometer floats in two fluids, with 50 and 
[ 60 divieiuns of the stem above the surface. If each division 



pare the specific gravities of the fluids. 



r 
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If S, S" be [heir specific gravities 

(1000 - 50)S = weight of fluid displaced in the firsl case, 

•= weight of hydrometer, (Prop. 6.) 

•: weight of fluid displaced in the second case 
(Prop. 6.) 

= (1000- 6o)S': 
950S = 9iOS'. 

.: S : S" :: 94-0 : 950 :: 94 : 95. 

11. The same hydrometer floats in alcohol with 11 j 
divisions above the surface, in ether with 80, Find the^ 
specific gravity of ether, that of alcohol being .8. 

(lOOO — II) X .8 = weight of alcohol displaced = weight ( 

hydrometei 

= weight of ether displaced. 



= (1000- 



989 X .8 = 920 5, 



) X 5", if 5 E the specific gravitjn^ 
of ether. 



, the specific gravity of ether. 



12. When a body is immersed in a fluid, what is the 
effective pressure of the body ,■' 

The fluid presses the body upwards with a force equal 
to the weight of the fluid displaced, and the body presses 
downwardly with its weight. 

The difference, therefore, of these two forces is the 
{ effective pressure of the body, and it will act in the direc- 
tion of the greater force. 



13. 



Two bodies of difFi?rent densities are in equilibria 
nded by strings from 




when 

tbe scales of a balance, and im- 
mersed in a fluid. Will they 
balance when immersed in a. fluid 
of different density ? 

Each of the bodies loses by 
being immersed a part of its weight equal to the weight of 
the fluid which it displaces. If, therefore, the bodies are 
immersed in a fluid of different density, the weight lost by 
the bodies will not be the same as before, and the bodies 
will no longer balance. 

If removed to a denser fluid, the weight lost by the 
larger body will exceed that lost by the smaller, still more 
than before, and the smaller body will preponderate. If 
removed to a rarer fluid, the weight lost by the larger 
will not exceed that lost by the smaller so much as before, 
and the larger body will preponderate. 

Thus, if two bodies balance when weighed in air, they 
will not necessarily balance when weighed in vacuo; but the 
weight lost in air is so small, that the weight of a body in 
air may. be considered as the true weight. 

14. The volume of a certain weight of gold is wi, that 
of the same weight of silver is m. and that of the same 
weight of mixed metal is n- Find the volume of the gold 
contained in the compound. 

IJet !v = the volume o£ the gold contained in the compound. 

,•. n — x= silver 

and let S, S' be the specific gravities of gold and silver, 
xS + (ii.-.v) 8"= weight of the compound => »i^= m'S' ; 

.V) S" =• (m - /c) S, and S" = ^ i 




by Bubstitution (u - x) ^—. = (m - .v)S\ 
{ix — .c)m = (?M — ,i!)m', 
hence w = —. .m. 



It was upon this principle that Archimedes solved the 
problem of the crown. He procured a lump of guld, and 
another of silver, of the same weight as the crown, and 
ascertained the quantity of gold in the crown, by com- 
paring the bulks of the three bodies. 

It is probable however that he did not solve the 
problem generally by means of an algebraical formula as 
we have done in the example ; but confined himself to the 
particular example which was before him, and solved the \ 
problem approximately for that single case. 

Thus, since silver is lighter than gold, the bulk of the { 
P crown would be greater, or less, according as more or les^.J 
silver entered into the composition. Let us suppose I 
the volume of the lump of gold was 10 cubic inches, ; 
that of the lump of silver 18 cubic inches, then if the mix- 
ture was one half silver, and one half gold, its bulk woulcf 
have been 5 + 9 or 1+ cubic inches. If it was two thirds | 

silver and one third gold, its bulk would be, - 

or 15^ cubic inches, and so on. By measuring the bulk 
the crown, therefore, he could ascertain with tolerable ac* 
curacy the quantity of gold contained in it. 

Archimedes' chief difficulty in the solution of thej 
problem was how to find the exact bulk of the crowns 
which he at length determined by observing, that if a solia 
be immersed in a fiuid, it displaces a quantity of that fiui 
■ equa\ to its own bulk. 
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It is recorded that he was so pleased hy the discovery 
of this simple and universal principle, that, springing from 
the bath in which he was, he rushed naked out of the 
house, exclainiing evpTina, " I have found it." 

Unfortunately, however, in cases where two substances 
enter into a chemical combination, the solution given above 
is not always accurate ; for two substances when chemically 
combined do not necessarily occupy the same space that 
they did when separate. Thus a pint of water, and a pint 
of sulphuric acid, when mixed together, do not make a 
quart. The density of bell metal, which ia a mixture of 
copper and tin, is greater than the density of either of the 
two metals which compose it. 

Although, therefore, the solution given above would be 
perfectly accurate, if the gold and silver were merely 
joined together mechanically ; it could not be relied upon 
if the metala were melted together, and chemically united, 
as was in all probability the case. 

15, A prism of wood floats in a vessel of water, its 
specific gravity being .8. What portion of the prism will 
be above the surface? 

16. A cylinder floats in a fluid whose specific gravity 
is -9, with ^ of its bulk above the surface. What is the 
specific gravity of the cylinder P 

17- A cylinder whose specific gravity is .8 floats in a 
fluid with ^ of its bulk below the surface. What is the 
specific gravity of the fluid ? 

18. A body floats in a fluid with S cubic inches above, 
Bod 8 cubic inches helow the surface. Compare the specific 
gravities of the body and the fluid. 

19. A lump of silver which weighs 130lbs. loses ISlbs. 
wben weighed in water. Find the specific gravity of silver. 



20. A lump of metal weighs +Olbs. in air, and 36 in 

water. Find its specific gravity. 

21. A lump of platinum weiglie ISO grains in air, and 
l6* grains in a fluid whose specific gravity is 1.99. Find 
the specific gravity of platinum. 

32. A piece of marble whose specific gravity is 2.7 
Weighs 60oz. in air, and Moz. in a fluid. Find the specific 
■ gravity of the fluid. 

23. A lump of glass weighs 50 grains in air and 34 in 
I alcohol. If the specific gravity of glass be 2,5, what is the 
' specific gravity of alcohol.' 

24. A block of wood weighs 4lbs. in air; a lump of 
lead which weighs lllbs, in air and lOlbs. in water being 
added to it as a sinker, the two together are found to weigh 
gibs, in water. Find the specific gravity of the wood. 

25. A piece of corlc weighs 150 grains in air ; a piece 
Lof metal which weighs 420 grains in alcohol is attached to 
Eit, and it is found that the two together weigh 70 grains in 
lalcohol. Find the specific gravity of cork, that of alcohol 
pilieing .S. 

26. To a piece of metal which weighs 6 lbs. in air, a 
' piece of platinum which weighs 5 lbs. in mercury is attached 

as a sinker, and the two together are found to weigh 2lbB. I 

in mercury. Find the specific gravity of the metal, that c^ 1 

r mercury being 13.5, 



27. An hydrometer floats i' 
■ divisions of the stem above the 



two fluids with 80 and 7a I 
urface. Bach division otM 



the stem contains of the whole bulk of the hydrometerJ 

2000 ^ * 

Compare the specific gravities of the fluids. 

28. The same hydrometer floats in water with 
divisions above the surface, in milk with 100. Find th^ 
specific gravity of milk. 
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The same hydrometer floats in rectified alcohol 
with 20 divisions ahove the surface, in common alcohol 
with 80, Find the specific gravity of common alcohol, that 
of rectilied alcohol being .8. 

30. A vessel containing water is placed in one scale 
of a balance, and counterpoised by a weight placed in the 
other scale. If a cubic inch of lead be suspended in the 
water, so that none of the water is spilt, what additional 
weight must be placed in the other scale to restore equi- 
librium P 

31. Which weighs the most in vacuo, a pound of lead, 
or a pound of feathers ? 

32. How many cubic inches of cork must be added to 
10 cubic inches of manganese to make the two together of 
the same specific gravity as water, the specific gravities of 
cork and manganese being .S4 and 6 ? 

33. Two iluids which do not mix meet at the bottom 
of a bent tube, their heights are as 4 : 5, and the specilic 
gravity of the lighter fluid is .8. Find the specific gravity 
of the other. 

34. Two bodies of different bulks weigh the same in 
water, which will weigh the most in mercury ? 

35. In example 30, if there were placed on the top of 
the water, a piece of wood whose specific gravity was such 
that it floated with two cubic inches below the surface, 
what additional weight would be required in the other 

36. A piece of wood floats in two fluids which do not 
mix, so that ^ of its bulk is in the upper fluid; if the 
specific gravities of the fluids are .8 and .9, what is the 
specific gravity of the wood ? 



37- A body floats in two fluids which do not mix, and 
wliose specifii; gravities are .8 and I.e. The two surfaces 
of the upper fluid divide ihe body into three parts, which 
are to each otlier as 4, 3 and 3, the upper part being the 
largest of the three. Find the specific gravity of the body. 

Props. 12, 13, li. It might, at first sight, be doubted 
I whether the air, in which we live and move, inasmuch as 
(under ordinary circumstances it has no quality that is pal- 
Ipable to the senses, be a material substance or not. 

But we learn from the researches of philosophers, that, 
Ithough noiseless when at rest, it is the medium of sound; 
though inodorous when pure, it is the medium of scent; 
that to its refraction we owe the phenomenon of twilight, to , 
its motion that of wind, that it is its pressure which gives ' 
stability to bodies, enables the fly to crawl upon the ceiling, 
and fastens the limpet to its native rock, that without it 
there would be neither clouds nor showers, neither springs 
nor rivers, that it is the supporter of combustion, that upon 
its supply and purity depend the health and life of animals 
and vegetables; that when it is vitiated they sicken, when 
it is withheld, they die. Such are the purposes which it 
serves in the operations of nature ; nor are the uses to 
which it is applied in the arts of life either few or unim- 
portant. It is the force exerted by the air, when in motion, 
that turns the sails of a windmill, and propels a ship through 
the water; whilst on its pressure and elasticity depend 
various instruments of the most general utility, such as th& 
air-pump, the condenser, the siphon, the barometer, some* 
forms of the steam engine, and most of the varieties a^ 
. pumps. 

We may satisfy ourselves that the air olfers a resistance 
Ho bodies in motion by moving an open umbrella slowly 
' against it ; this is the principle upon which are constructed 
those very useless and dangerous contrivances which ar«i 
called parachutes; and it is owing to this resistance that 
different bodies let fall from the same height do not reach 
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tlie ground in the same time. If a guinea and a feather 
be let fall in an exhausted receiver, they will be found to 
fall equally fast. But the consideration of the effects due 
to the resistance of the air does not come within the ^cope 
of the present treatise, inasmuch as the instruments enume- 
rated in the schedule depend only upon its pressure sod 
elasticity. 

The pressure of the air may be illustrated by many and 
very simple experiments. 

1. If a glass tumbler be filled with 
water, and a piece of paper be pressed 
closely against its mouth, the tumbler 
may be inverted without the water escap- 
ing. This proves that the pressure of 
the air upon the paper, is greater than the weight of the 
water in the glass. If a hole could be made in the upper 
part of the glass, the air would press the water downwards 
with the same force as that with which it presses it upwards 
and the water would fall by its own weight. The same 
thing would occur if the paper were away, for it would be 
impossible to hold the glass perfectly level 
and therefore the equilibrium, which is 
possibly subsist in practice. 

2. Again, if a glass tube open at 
both ends be placed upright on the 
plate of an air-pump, and the hand 
be laid on the top of the glass so as 
to cover it ; then if the air be ex- 
hausted from the glass, the external 
air will press the hand against the glass so that it is scarcely 
possible to move it ; upon letting in the air the hand will be 
loosened again. 

3. If the mouth piece of a pair of bellows be stopped 
so that the air cannot enter, a very great effort will be 
required to separate the boards. 



r perfectly still, 
n stable, cannot 
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The atmosphere, therefore, exerts a pressure upon all 
things with which it is in contact, and tliis pressure is 
subject to the same laws as the pressures exerted by other 
fluid bodies. It will be the same, therefore, at all points in 
the same level, and will increase with the depth. The 
pressure of the air therefore, is not the same at difTerent 
heights, but if the difference of the heights be only a few 
inches or a few feet, the difference of the atmospheric pres 
sures will be so Email that in practice they may be con- 
sidered as equal. 

4. Flies and some other insects are able to create ^ 
vacuum between their feet and the surface on which they 
tread, and it is the pressure of the air upon the upper part 
of their feet, which enables them to walk upon the window 
or the ceiling. On the same principle may be explained the 
adhesion of shell-fish to rocks. 

5. We have already stated that the air exerts a pres- 
sure of about 15 lbs. on the square inch, now the surface of 
a man's body contains about 3000 square inches, and the 
whole pressure of the air upon his body will amount to 
SCWOOlbs. This enormous pressure upon our bodies oc- 
casions us no annoyance ; because, in the first place, the air 
presses equally in all directions, so that no part of our body 
is displaced ; and, secondly, the pressure of the external air 
is opposed by the equal and contrary pressure which is ex- 
erted by the elastic fluids contained within the body, 

6. If one end of an open tube be placed beneath the 
surface of a vessel of water, it is possible to drink the 
water (as indeed every schoolboy knows) by the operation 
which is vulgarly called suction. In this operation, the 
air is exhausted from the tube by drawing in the breath, 
but it is the pressure of the external air that forces the 
water up the tube. 

A great number of experiments illustrating the atmoft. 
pheric pressure may be found in Desagulier's Course o1 
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Ixperimental Philosophy, a work remarkable not only for 
the number of espcrimenta recorded in it, but also for the 
clearness with which they are described. 



We proceed to enumerate a few phenomena which 
illustrate the elasticity of the air. 

7- If a shrivelled apple be placed under the receiver 
of an air-pump, when the air is exhausted from the receiver, 
the air inside the apple will expand, and distend the skin 
of the apple so as to make it appear as smooth as one fresh 
gathered. If the air be readmitted into the receiver, the 
apple will return to its former shape. 

8. If a thin glass bottle full of atmospheric air be 
hermetically sealed*, and placed under the receiver of an 
air-pump, when the air is exhausted from the receiver, the 
elastic force of the enclosed air will burst the bottle. 

9. If a vessel filled with beer or tuke-warm water be 
placed under the receiver, when the air is exhausted from 
the receiver, the air in the liquid will expand and rise to 
the top in large bubbles. In the case of luke-warm water, 
these bubbles will be so large that the water will appear 
almost to boil. 

10. Wlien a cupping glass is applied to the body, 
the air within the cupping glass is rarified, (either by means 
of an air-pump, or, as is more frequently the case, by burn- 
ing a torch within the glass,) and the pressure of the ex- 
ternal air upon the skin being thus diminished, the pressure 
of the fluids within extends and swells out the flesh ready 
for the lancets. 

11. If a piece of lead be attached to a piece of cork 
ao that the two together will just sink in water ; then if the 
two be immersed in a vessel full of water, and tlie vessel 
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placed under the receiver of an air-pump; as the air is 
exhausted from the receiver, the air in the pores of the 
cork will expand, and swell the cork, which therefore will 
become specifically lighter than before, and will rise to the 
surface. If the air be re-admitted into the receiver, the 
cork will sink to the bottom again. 

12 Fishes, whose bodies are a little heavier than 
water, have bladders in their bodies filled with air, which 
they can expand or contract at pleasure. By expanding 
the air-bladder they become specifically lighter than the 
water, and are thus enabled to rise to the surface; again 
when they contract the air-bladder they make themselves 
specifically heavier than the water, and sink. If the bladder 
breaks, the fish remains at the bottom, as is the case also 
with flat fish, such as soles, which have no air bladder. 

13. If a vessel of water containing live fish be placed 
under the receiver of an air-pump, when the air is exhausted 
from the receiver, the air contained in the air bladders of 
the fish will expand, and the fish, becoming specifically 
lighter than water, will rise to the surface. If the air be 
re-admittcd, they will swim below the surface as before. 

14". In the well known toy represented by the annexed 
woodcut ; the glass figure inside thejar is hollow, with small 
holes in the feet, A quantity of air is contained within the 
figure, so that its specific gravity is a little less 
than that of water, and it will therefore float 
upon the surface. If the finger be pressed 
upon the covering, the air which lies between 
the water and the covering will be slightly com- 
pressed, and this pressure will be transmitted 
by the water to the air within the figure; this 
portion of air, therefore, will be slightly con- 
densed, and a small additional quantity of water 
will be admitted into the figure, so that its 
specific gravity will become greater than that of the water, 
1 it will sink. 
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■On removing the finger, the air in the jar will expand 
again, and the pressure being thus removed from the air in 
the figure, it will expand likewise, and the figure will 
become specifically lighter than water as before, and will 
therefore rise to the surface again. 

Paop. 15. It is impossible to exhaust the air from a 
receiver completely, even by the best air-pump, for after a 
certain degree of exhaustion has been produced, the elastic 
force of the air in the receiver will not be sufficient to open 
the barrel valve, and no farther rarefaction can be pro- 
duced. 

Besides this, the piston cannot be made to fit the barrel 
accurately; there will therefore always be acertain space below 
the piston valve, when the piston is at the bottom of the 
barrel. Now, in order that the piston valve may open, 
the elastic force of the air contained in this epace must be 
greater than the atmospheric pressure. As soon, therefore, 
as the rarefaction has proceeded so far, that the air contained 
in the barrel can be condensed into this space without its 
elastic force becoming greater than the atmospheric pres- 
sure, the piston-valve will not open, and the pump will no 
longer work. 

It is by means of the air-pump, that almost all the 
properties of the air have been discovered. The air-pump 
ia generally furnished with two barrels, the pistons of 
wbicb are worked up and down by a rack wheel, which is 
turned by a winch, and is constructed so that as one piston 
Bsceuda, the other descends. 

Prop. l6. There is no Hniit to the degree of conden- 
sation that may be effected by means of this instrument, 
provided the instrument can he made sufficiently strong to 
bear^the pressure of the condensed air, and a sufficient force 
can be applied to the piston. 

The reader will see that this instrument differs from 
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air-pump in its construction only in the foIIbwiDg 
particular, that its valves open inwards instead of outwards. 

The condensation of air is applied to many usi^ful 
purposes, amongst which may be enumerated the blotriog 
cylinders of furnaces, and air-guns. 

A child's pop-gun acts upon the same principle. 

Prop. 17- The air decreases rapidly in density, aa we 
ascend above the surface of the earth, and it has been cal- 
culated that it does not extend more than fifty miles above' 
the surface. 

As we ascend, therefore, to greater heights, the atmo- 
spheric pressure will be lessened, and the altitude at which 
the mercury stands in the barometer will be lessened also, 
or in common language, the barometer will fall. 

It is obvious, therefore, that the barometer may be 
used for the purpose of measuring heights. At the levd' 
of the sea, the mercury stands at about 30 inches, and 
falls about an inch for every lOOO feet that we ascend. 

In order, however, to determine accurately the elevation 
of any place above the level of the sea, we must have 
recourse to a series of very careful experiments, and some- 
what abstruse calculations. 

One form of the barometer is also in very general use 
as a weather-glass ; but the words fair, change, &c. com- 
monly engraved on these instruments are entitled to little 
attention. In general, however, the rising of the mercury 
indicates the approach of fair weather ; and foul weather 
generally preceded by a fall of the barometer. 

The atmospheric pressure, therefore, is less in foul 
weather than in fair, and the oppression which we feel at 
such times, and which we incorrectly ascribe to the heavi- 
ness of the air, is in reabty owing to the diminution of the 
atmospheric pressure. 
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Water barometers may sometimes be round in extensive 
collections of philosophical instruments, but their great 
length renders them very inconvenient ; and mercurial 
barometers, wliose length is only about three feet, have 
come into general use. The tube of a water barometer 
must be nearly forty feet in length. 



Props. 19, 20, The water can only be ^^ 
raised by the atmospheric pressure, to a height " 
of about 30 feet, but it may be lifted by the 
ascent of the piston to a much greater height. 
If a conduct pipe with a valve at the bottom 
opening upwards, be joined to the spout 
of a common pump, a quantity of water will 
he lifted up into this pipe at each ascent of 
the piston; when the piston descends the pres- 
sure of the water in this pipe will close the 
valve, and prevent the return of the water into 
the barrel. A pump fitted with this contri- 
vance is called a lifting pump. 



ft 



The machine used in public houses for draw- . 
ing beer is an application of the bfting pump; 
the common fire engine is a double forcing pump. 



THE AIR VESSEL. 

In the forms of pumps which we have described, the 
stream of water is intermittent; thus in the lifting pump 
the stream will flow only during the ascent, and in the 
forcing pump during the descent of the piston. But the 
stream may be made continuous by the addition of a con- 
trivance called the air vessel, or air spring. 

This consists of a close vessel filled with air, which i s 
connected with the pipe through which the water is dis- 
charged. The water being forced into this vessel, the air 
in the upper part of it becomes condensed, and constant! y 
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exerts a pressure upon the surface of the water. Tlie . 
orifiue of the discharge pipe communicates with the lowers 
part of the vessel, and tlierefore this constant pressure willfl 
force the water through the pipe in a continued stream.^ 



EXAMPLES. 

1. To find the quantity of air left in the receiver of J 
an air-pump after any tiumher of strokes of the piston, 
the content of the receiver being 10 times that of the 1 
barrel. 

The air contained in the barrel will be one eleventh of J 
the air contained in the barrel and receiver together, 
the first descent of the piston this eleventh part will baJ 
expelled, and ten elevenths will remain. 

Of the air that remains, one eleventh will again ' 
expelled at the second descent of the piston, and teal 
elevenths will remain. 

Calculating in this way we shall have 

after one stroke, — pumped out, — remainin 



after two strokes, 



- pumped out, remaining, 



331 , 1000 . . 

afterthree Strokes, pumped out, rcmoininc', 

1331 ^ '^ 1331 " 

and so on. 

2, In the former example, what will be the density of'l 
the air, and its pressure, on a square inch after two descents j 
of the piston ; the original pressure of the air in tfael 
receiver being I4|-1bs. on the square inch ? 

The quantity of air remaining in the receiver after tvof 
strokes of the piston will be — x — of the origiati] 
quantity. 
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Its density therefore will be to the density of the air 
originally contained in the receiver as — : 1. And, since 

the elastic force of air varies as the density, its pressure on 

. , 2 100 

the square inch : 14- :: : 1. 

^ 5 121 

. , 72 100 „ 1440 

Hence its pressure on the square inch = — x — lbs. = — lbs. 

O 1. <w J. X ^ L 

109 „ 
= 11 — lbs. 
121 



3. To find the quantity of air contained in the 
receiver of a condenser, after any number of descents of 
the piston ; the content of the receiver being ten times 
that of the barrel. 

It is obvious that, since — is pumped in at each stroke, 

after one stroke the receiver will contain — , 

10 



two , 



12 
10 



three — , 

10 



and so on. 



4. In the above example, what will be the density of 
the air, and its pressure on a square inch after two descents 
of the piston ; the original pressure of the air in the 
receiver being 14|^lbs. to the square inch ? 

The density of the air in the receiver after two strokes 

12 
of the piston, will be — of its original density, 

2S 




and its pressure on the square indi : 14>^ :: 

72 12 864 



, its pressure on the square inch - 



5 10 50 
1 7 — lbs. 



5. If the weight of a cubic inch of mercury be 7^^ oz.» 
what is the pressure of the air on a square inch when the I 
mercury stands at 39^ inches ? 

The pressure of the air on a square inch = thi 
weight of a column of mercury whose base is a squai 
inch, and height 29J inches, 

= weight of 29J cubic inches of mercury. 



- 230.1 oz. = 14..38I25lbs. 



6. If the mercurial barometer stands at 32 inches,!^ 
what height will a water barometer stand, the denaty S 
mercury being 13.5 ? 

Let w = the height of the water barometer. 

: 13.5 = weight of a column of mercury whose base] 
one square inch, and height 32 incha 

» atmospheric pressure on the square inch, 

<= weight of a column of water whose base iaJ 

square inch, and height is .r = , 
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7- If the content of the receiver of an air-pal 
times that of the barrel, what will be the pressure on a 
square inch of the internal surface of the receiver after three 
strokes of the piston, the aUnospberic pressure being 15 lbs. 
on a square inch ? 

8. If the content of the receicer of a condenser be 
IH limes that of the barrel, after how many strokes will the 
elastic force of the air in the receiver be exactly double the 
Atmospheric pressure P 

9. If a cubic foot of water weigh 1000 oz., at what 
Hieight wilt the water barometer stand, when the atmospheric 
pajessure is I5 lbs, on a square inch ? 

10. If a cubic inch of mercury weighs 8oz., and the 
barometer stands at SO inches, what will be the atmospheric 
pressure on a square inch F 

11. If, when the barometer stands at 28 inches, the 
Btmospberic pressure is 14lbs. on a square inch, what will 
be the atmospheric pressure on a square inch when the 
barometer stands at 30 inches? 

12. The content of the receiver of an air-pump is 5 
'times that of the barrel; a barometer being introduced 
into the receiver, is observed after one ascent of the 
piston to stand at 27 inches, at what hcigbt will it stand 
after two more ascents of the piston ? 

13. The content of the receiver of a condenser is 10 
times that of the barrel. A barometer being placed in it is 
observed to stand at 30 inches. After how many descents 
of the piston would the barometer stand at S3 inches ? 

14. Explain the construction and operation of the 
common syringe. 

15. Explain the construction and operation of the 

bi'IlowB. 



16. If it were required to raise mercury by means 
1 pump, how long might the suction pipe be? 

Prop. 21. It is evident from the proof here given,] 

I that if the leg in contact with the liquid be the longer ofl 

the two, the liquid will flow back into the vessel, 

SB the other end is unstopped. If the legs are of the samcd 

length the fluid will remain suspended. 

Instead of exhausting the siphon, which is sometimes a 
difficult process, it may be inverted and filled with water; 
then if the shorter leg be placed beneath the surface of the 
liquid, and both ends unstopped, the fluid will begin to ilo' 
from the longer leg. 

It is evident from what we have stated above, that the 
siphon can only be used for transferring liquids from 
higher to a lower level ; when, therefore, it is used for tran»< 
ferring a liquid from one vessel into another, it will cease 
to act as soon as the levels of the liquid in the two vessels 
are the same. Siphons are constantly used in chemical e] 
periments where it is necessary to draw off a liquid withoi 
disturbing the sediment; they are used also wherever it ■ 
necessary to draw ofl^ liquids from the upper part of vesae 
without making an orifice below. 

The height of the shorter leg of the siphon mui 
always be less than the height of the water- barometer ; forj, 
if not, the atmospheric pressure will be unable to support 
the weight of the fluid in the shorter leg, and the continuity 
will be interrupted. If, however, a fluid heavier than 
water be used, the height of the column of fluid, which thfr 
atmospheric pressure will just support, will he diminished 
and therefore the extreme height of the shorter leg will b<»' 
diminished also. Thus, if the siphon be used for decanting 
mercury from one vessel to another, the height of th§ 
shorter ]eg must not he greater than .lO inches. 
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The action of interiiiittent springs may be illustrated by 
tbe following toy, which the reader can easily make for 
himself, if he cannot procure it at a common toy shop. 

The shorter leg of the siphon B fits into 

the vessel A. If the vessel be placed so that 
water may run into it from a tube D,* as soon ■ 
as the water rises in the vessel to the top C 
of the siphon, it will begin to act, and the 
water will flow out through the longer leg. 

If, therefore, ihe bore of the siphon be 
Bueh that more water flows out of the vessel 
by the siphon, than comes into it through the 
tube, the siphon will gradually empty the vessel again, 
until the level of the water falls below the mouth of the 
shorter leg. When this occurs the siphon will cease to act, 
and its action will not be renewed until the water again 
rises in the vessel to the point C. 

Although, therefore, the stream through D may be 
constant, the flow of the water through B will be inter- 
mittent, We may vary the intervals of rest, by varying 
the bore of the tube D and the siphon B. 

If we suppose the .in- -^— — - 
nexed figure to represent a 
cavern in the interior of a ■ 
mountain, into which water 
flows by a small feeder, and 
from which it discharges 
itself by a bent channel or 
natural siphon, the siphon 
will not begin lo act until the 
water has risen so as to fill it ; 
and if the siphon discharges 
the water from the cavern faster than the feeder supplies 
it, the water will again sink below the end of the siphon, 
end it will cease to act. Such a spring, therefore, would 
be intermittent; and the period, during which the spring 

* The iiihe 7) bus b«en omiuei m (Vi; \\¥»'«- 




r 
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would cease running would depend on the comparative size 
of the feeder and the siphon. 

On the same principle are constructed the toys called 
Tantalus cups. These contain a siphon which is concealed 
by some contrivance, such as the figure of a man fixed in the 
middle of the cup. If the cup be filled to a certain point, it 
will hold the water, but if it be either filled or tilted so that 
the water rises above this point, the siphon in the figure 
begins to act, and discharges the water into a receptacle in 
the bottom of the cup. It is impossible, therefore, to fill 
such a cup to the brim, or to drink from it. 

Props. 22, 23. It is obvious that any scale of gradua- 
tion would serve equally well to measure the temperature, 
but the centigrade and Fahrenheit's scales are the most con- 
venient, and therefore the' most generally used. 

Any substance that expands by heat and contracts by 
cold would serve to measure degrees of temperature; and, 
accordingly, thermometers have been constructed of different 
substances, such as air, metals, spirits of wine, linseed oil, 
Stc. But mercury answers better on the whole than any 
other liquid, because its expansion is very uniform, and it 
can endure considerable degrees of heat and cold without 
boiling or freezing. 

The freezing point is the same under all circumstances. 
The boiling point varies according to the pressure of the 
atmosphere, but is always the same under the same atmo- 
spheric pressure. The height at which the thermometer 
stands when the height of the barometer is 30 inches, is 
used as the standard for the boiling point. 

It is assumed that, between the freezing and boiling 
points, mercury expands equally with equal additions of 
heat. Although this is not exactly the case, it has been cal- 
culated that tlie unequal expansion of the mercury in a ther- 
mometer is compensated by the expansion of the glass, so that 
we may on the whole consider the mercurial thermometer aa 
accurate indicator of the changes of temperature. 



EXAMPLES. 



1. Water is flowing out of a vessel through a siphon. 
What would take place if the pressure of the aCmosphere 
were removed and afterwards restored ; (l) when the lower 
end of the siphon is immersed in water, (9) when it is not ? 

In both cases, if the atmospheric pressure be removed, 
the fluid will fall down in both legs, leaving a vacuum in 
the tube. 

(l) When the lower end of the siphon is immersed in 
water; as soon aa the atmospheric pressure is restored, it 
will force the fluid up both legs, until the two columns of 
fluid meet, when the action of the siphon will be restored. 

But (2) When the lower end of the siphon ia not im- 
mersed in water ; as soon as the atmospheric pressure is 
restored, it will exert the same force on the surface of the 
water in the tube that it does on the water outside the 
tube, therefore the water will not rise in the tube, and the 
action of the siphon will not be restored. 

3, What point of the centigrade scale corresponds to 
95" of Fahrenheit's scale ? 

Let C be the number of degrees in the centigrade scale. 

C I 95" - 39" :: 100" ; 180", 



C" = - 



63 X 100 63 X 5 



3. What point of the Fahrenheit scale corresponds to 
80" of the centigrade scale ? 

Let F" be the number of degrees in the Fahrenheit 
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p>. 


suf 


8ff> ; 


180" : HK)", 


p 


- 32" = 


80 X 180 






F'- 


76". 



[4. What degree of the centigrade scale cor- 
responds to 17" Fahrenheit? 
If C be tlie point at which the mercury 
stands, 
nuD 
and 



number of degrees Fahrenheit in AC : number of 

degrees Fahrenheit in AB ^ 

number of degrees centigrade in ^C : number of c 

degrees centigrade in AB, 

F"m AC : 180 :: C* in AC : 100, 



o 



Cin AC X F'' in AC = -(32- I?) 



.4; 



and since G is below freezing point, which is the zero 
the centigrade scale, this must be reckoned as negative. 

Therefore 17" corresponds to — sy on the centigrade 
scale. 

5. What degree of the Fahrenheit scale corresponds 

to - 25" of the centigrade ? 

As in the former example, 

P' in AC : 25" ;: 180 : 100; 

„ . ,„ 25 X 180 

.-. F" in AC — = 45". 

100 

Therefore C is 45" below freezing point, and will cor- 
respond to 32" — 45", or - 13" of the Fahrenheit scale. 



at degree of the Fahrenlieit actu^ 
(o) 65", 
(/3) 30", 

(7) H°. 

(!) -5", 
and (e) — 25", of the centigrade 

7. What degree of the centigrade scale corresponds to 
(a) !85», (^) 68", (7) 41«, 
(^) 14», (e) 23", (^) - 4«, (^) - 13", 
and (d) - 22" of the Fahrenheit ? 

STEAM ENGINE. 

1. If water be heated up to the temperature of 212* 
Fahrenheit, it will be gradually converted into an elastic 
fluid, called steam. This fluid is not permanently elastic, 
like air, but majf be reconverted intu water by diminishing 
its temperature, A cubic inch of water will form about 
1700 cubic inches of steam ; it follows, therefore, that if 1700 
cubic inches of steam be enclosed in a vessel, and the steam 
be condensed (i.e. reconverted into water) by the applica- 
tion of cold, it will, after condensation, occupy only the space 
of one cubic inch, leaving a vacuum in the rest of the vessel. 
The elastic force and condensation of steam are employed 
us ways so as to move an air-tight piston up and 
down ill a cylinder, 

(1) In the atmospheric ejigine, steam being admitted 
into the lower part of the cylinder, the piston is raised by 
means of a counterpoising weight; the steam in the cylinder 
is then condensed by the application of cold water, so as 
to form a vacuum within the cylinder; when the piston is 
forced down again by the atmospheric pressure, 

(2) The single-acting low-pressure engine differs from 
the atmospheric chiefly in this respect, that the ^istou ia 

24 



r 
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not forced down by atmospheric ptessure, but by the elastid 
force of steam admitted into the upper part of the cylindeM 

(3) In the double-acting low-pressure engine, 
cuum is formed alternately above and below the pistoOi; 
which is forced up as well as down by the pressure of steacS 
on the other side. Hence, a counterpoising weight is i 
necessary. 

All these forms of the steam engine depend upon ■ 
condensation of steam, and are therefore called condensitt 



(4) But the piston may be moved up and down bj| 
the elastic force of steam, without any condensation at al^ 
provided the steam be allowed to escape at the end of each 
stroke. Steam engines of this kind are called noncondens- 
ing engines ; they arc also called high-pressure engines. 
for the following reason. In these engines the motion c 
the piston is opposed by the atmospheric pressi 
elastic force, therefore, of the steam must be sufficient 1 
overcome the atmospheric pressure as well as to raise tfan 
piston. It is necessary, therefore, to use steam of a veryS 
high temperature and pressure in these engines, for thea 
pressure of steam at 212" is very nearly the same as that of 
the atmosphere. 

The motion of the piston being thus produced, it may, 
be applied to any mechanical purpose by means of varioii 
contrivances. It does not come within the scope of tia 
present treatise to enter into any details concerning the c 
trivances by which it is so applied ; on this subject tn 
reader may consult the treatise on the steam engine 
Dr Lardner. 

CAPILLARY ATTRACTION. 

Cohesion. The attraction which the particles of a bo( 
exert upon each other is called cohesion. The force i 
cohesion is found to be different in different substances, i 
is very strong in iron, less strong in wood, and weaker stu 
in ice. According to our definition, a fluid is a substanq 
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'whose parts may be moved among each other by any force 
however small, the particles of a fluid, therefore, can possess 
no cohesion, and as water and other liquids possess some 
slight degree of coliesion, it follows that they do not possess 
perfect fluidity. Their cohesion, however, is so exceedingly 
small, that the conclusions founded on the definition may 
be considered as practically correct. 

The existence of cohesion in liquids is proved by the 
Bpherical form which a drop of water or mercury will assume, 
and by the tendency which it has to resume that form when 
slightly pressed. 

Adhesion. Cohesion takes place not only between the 
particles of the same body ; but also between the particles 
of different bodies, when brought into contact; this variety 
of attraction has been called adhesion, although some writers 
confine this term to the mutual attraction which takes place 
between solids and liquids. 

When a solid is in contact with a liquid it will be 
wetted, if the force of adhesion is stronger than the cohe- 
sive force of the liquid ; but if the latter force exceeds the 
former it will remain dry. Thus, if one's finger be immersed 
in water it becomes wet, if it be immersed in quicksilver it 
remains dry. Quicksilver poured into gauze will not run 
through, nor will a tallow candle be wetted if dipped in water. 
Even those fluids which do not moisten the solids immersed 
in them possess a slight degree of adhesion to them ; thus 
small drops of mercury continue hanging to glass and other 
bodies which they do not wet, even when held in such a 
position that they would naturally fall. By means of this 
principle may be explained the fact, that if two bodies floating 
in a liquid be placed at small distances from each other they 
will approach each other when both or neither of them are 
wetted by the liquid, and recede from each other when one 
is wetted and the other is not welted. A similar attraction 
or repulsion will take place between a floating body and the 
sides of the vessel in which the liquid is contained. 
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Capillary attraction. To the adhesion 'wni 
between solids and liquids is attributed the phenomenon o 
capillary attraction. When water is contained in a j 
it will be found, if we observe the edge of the water, that i 
I. IE not quite level close to the glass, hut is i 
f so as to stand a little higher at the edge than it does in tbi 
middle ; this elevation, which may be observed most readilyv 
when the glass is filled to the brim, is generally supposed to>| 
be caused by the attraction of the sides of the glass, although J 
' some doubt still remains respecting the explanation of the 1 
I &ct. In the same manner, if a plate of glass be immersed in ( 
' water, the water will rise when it is in contact with the I 
plate; but this elevation is most perceptible in tubes of I 
small bore ; and the smaller the tube the higher the water J 
will rise. Tubes of this very small bore are called capillary, 
from capillus a hair, and hence this species of attraction is I 
^called capillary attraction. This elevation is not conftnedi I 
' to water and glass, but occurs in all solids and liquids ' 
vhere the solid is capable of being wetted by the liquid. 
If the solid is incapable of being wetted by the liquid the 
circumstances are reversed, and the liquid will sink in a 
ring round the solid. a 

Many natural phenomena are attributable to capillarjfl 
I attraction, as the absorption of liquids by sponge or blotting^ 
r paper; the ascent of oil or melted tallow in the wicks of 
rlamps and candles, of water in a lump of sugar, or in a 
t wall with a damp foundation ; and the swelling of wood when 
I wetted. 

Capillary siphon. If one end of a hank of cotton be j 
immersed in a vessel containing water, the water 
gradually pervade the whole of the cotton ; if the other endS 
of the hank be lower than the surface of the water in thi 
vessel, the cotton will act as a siphon and will gradually 
empty the vessel of its water. In the same manner we m^ 
empty a basin of water, by hanging over the edge a town 
which dips in the water. 



ANSWERS TO THE EXAMPLES. 



N. B. — The Specific gravities giveu in the following examples are not always 
accurate, being in some instances merely loose approximations to the exact 
values. 



INTRODUCTORY CHAPTER. 



8. 15 : 16. 

9. Vid. notes. 

10. Vid. notes. 

11. 4450:8833. 

12. 8. 

13. 4 : 3. 

14. 7.8725. 

15. 7. 



9. 8 lbs. 

10. 3 feet. 

11. 5 lbs. and 6 lbs. 

12. 55 lbs. and 66 lbs. 

13. 8 feet and 4 feet. 

14. 12 feet and 6 feet. 

15. 37Hbs. and 7i lbs. 

16. 6 feet. 

17. 6 lbs. and 2 lbs. 





16. 


7 cubic inches. 




17. 


12 cubic feet. 




18. 


15 lbs. 




19. 


4jlbs. 




21. 


11. 




22. 


.866. 




23. 


1.84. 


THE LEVER. 


18. 


2 feet and 3 feet. 




19. 


The distance of the weight from 
the stronger man, must be equal to 
one-third of the length of the 










pole. 
36 lbs. 




20. 




21. 


6 lbs. 




22. 


80 lbs. 




23. 


2 inches from the fulcrum. 



COMPOSITION AND RESOLUTION OF FORCES. 



5. A force of 15 lbs. acting in the 
same direction. 

6. A force of 1 lb. acting in the di- 
rection of the greater force. 

7. Vid. notes. 



8. Vid. notes. 

9. 15 lbs. 

10. Vid. Ex. 2. 

11. I of a lb. 

12. 20V2 or 28.284. 



MACHINES. 



12. 120 lbs. 

13. 48 lbs. 

14. 1 foot. 

15. 1 qr. 

16. 1 qr. 

17. 3. 

18! 384 lbs. 

19. 7 lbs. 



20. 6. 

21. 10 inches and 4 lbs, 

22. 64 lbs. 

23. 7 qrs. 

24. 4ofaqr. 

25. 1650 lbs. 

26. ^ feet. 

27. \t5"2\5. 



\ 




CENTER OF GRAVITY. 



I 



11. Join the pointB of bisection of the 
orpoaile aidca. Vid. Prop. 21. 

13. If tbe two pounds ure suspended 
Bl the point C of the i ABC ; bi- 
sect Jb in Di join DC, and 
bisect it in G. G is the center of 



HYDKOSTATICS 

N. B. — In the following examples, the Eipeiim 

place in vacuo, unless the contiar; be ex] 

PRESSURE OF FLUIDS. 



la. 1 : 2. 

13. 62,^01., and WS lbs. 

14. Vid, notes. 



BODIES IMMERSED IN FLUIDS. 



15. One-iifyi. 
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11 isii*. 1*. Via. i»w|.. !«, 



•>'. 47'-. ; ^- "i^-. 

7. a. 85*'. ^- "S*"* 

/3. 20". e. -an. 



J^tst Published. 



Solutious of tbe Trigonometrical Problems 

Praposed at St John'x College, Caoibridee, tiam 1829 to 1646. Bf THOUAaf 
Gaskin, M.A., late Fellow and Tutoi of Jesua College, Catnliridge. Svo.^ 
iaorffi, Of. 

Solutions of the Geometrical Problems 
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